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Theory/formalism to extrapolate data (e g  R Theory/formalism to extrapolate data (e.g. R 
matrix)
Example: 12C(α,γ)16O in helium burning

known potential, Φ known
unknown potentialp

Matching
at the nuclear radiusat the nuclear radius

Cross sections include 
contributions from few levels
Level parameters from 
experimental data L. Gialanella- SLENA 2012, Kolkata, India
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16N -> 16O -> 12C+α data
Wα(E)=F(E, al , Aλl , γ2

λl , Eλl)
l =1,3;  λ=1,2,3Global fit

Least square method:

12C(α,γ)16O

Least square method:
χ2=χ2

β+χ2
δ1+χ2

δ3+χ2
γ

E l i
( ,γ)

σE1(E)=H(E, al , γ2
λl, Γ2

λl, Eλl)
l=1; λ=1,2,3

Extrapolation
Uncertainty on extrapolation 
and fitted parameters

12C(α,α)12C

and fitted parameters

δl(E)=G(E, al , γ2
λl, Eλl) 

l=1,3; λ=1,2,3

Rmatrix code by R.E. Azuma et al., PRC 50,2(1994)1194
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Measurement of Y in conjunction with X -> (xi,yi) i=1,…,n

cov (yi,yj) = E[(yi-<yi>)(yj-<yj>)]=Vij=δij⋅σyi
2, <yi> = E[yi ]

Model Y=f(X; A1,…,Am)

(∂f/ ∂x) σxi
<< σyi

( / ) xi yi

Q =Σi[yi-f(xi;a1,…,am)]2/σyi
2

Minimization

hopefully: Q->χ2 distribution with ν=n-m degree of freedomhopefully: Q >χ distribution with ν n m degree of freedom

error matrix ε: cov(ai,aj)=εij, ε=α-1, αkl=1/2 ∂2Q/ ∂ak∂al
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Y=AX+B
xx yy σσyy

00 0 920 92 0 50 5
I. Analytic solution (now)

00 0.920.92 0.50.5

11 4.154.15 1.01.0

II. Numeric al solution (later)

III. Graphic solution (also later)

22 9.789.78 0.750.75

33 14.4614.46 1.251.25p ( )

44 17.2617.26 1.01.0

55 21.921.9 1.51.555 21.921.9 1.51.5
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Example: linear case – analytic solution 

Q =Q =ΣΣii[[yyii--axaxii--b]b]22//σσyyii
22

∂∂22Q/ Q/ ∂∂aa22 ∂∂22Q/ Q/ ∂∂aa∂∂bb( )
yyii

∂∂Q/ Q/ ∂∂a=a=--22ΣΣ((yyii--axaxii--b)xi/b)xi/σσyyii
22=0; =0; ∂∂Q/ Q/ ∂∂b=b=--22ΣΣ((yyii--axaxii--b)/b)/σσyyii

22=0=0

∂∂22Q/ Q/ ∂∂aa22 ∂∂22Q/ Q/ ∂∂aa∂∂bb

∂∂2Q/ 2Q/ ∂∂bb∂∂a       a       ∂∂22Q/ Q/ ∂∂bb22(       )error matrix error matrix εε: : covcov((aaii,a,ajj)=)=εεijij, , εε==αα--11, , αα==

a=4.227 ; b=0.879a=4.227 ; b=0.879
( )

;;

σσ22
aa= = εε1111== 0.0440.044 ; ; σσ22

bb= = εε2222== 0.2030.203 ; ; covcov((a,ba,b))= = εε1212== --0.06290.0629

x*x*= = 66; ; y*y*= y(x*)== y(x*)=26.2426.24

σσ22
**= (= (∂∂y/ y/ ∂∂a) a) 22 σσ22 + (+ (∂∂y/ y/ ∂∂b) b) 22 σσ22

bb + 2 + 2 covcov((a ba b) ) ∂∂y/ y/ ∂∂a a ∂∂y/ y/ ∂∂b= b= σσ y*y*  ( (∂∂y/ y/ ∂∂a) a) σσ aa + (+ (∂∂y/ y/ ∂∂b) b) σσ bb + 2 + 2 covcov((a,ba,b) ) ∂∂y/ y/ ∂∂a a ∂∂y/ y/ ∂∂b  b  

= x*= x*22 σσ22
aa + + σσ22

bb +2 x* +2 x* covcov((a,ba,b)=)=1.01.0
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Monte Carlo estimate of the uncertainty on the extrapolation 

each yi has a normal distribution F(< yi >, σyi
2)

using a (pseudo-)random number generator one can simulate a set of n 

possible results of repeated experimentsp p p

For each set one estimate parameters and calculate the extrapolated 

value (i.e. in our example a, b, and y*)

The analysis of the distributions obtained provides the best estimate of y p

and the corresponding variances a, b, y*, 

Gialanella et al Eur. Phys. J. A 11 (2001)
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Example: linear case – Monte Carlo 
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b = 0.200; cov(a,b)=-0.0631

analytical: a=4.227 ; b=0.879
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Example: linear case – Monte Carlo 
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Another method  

In the linear case, 1 parameterIn the linear case, 1 parameter

Taylor expansion around the minimum:                                     Taylor expansion around the minimum:                                     

χχ22==χχ22
minmin+ 1/2 + 1/2 ∂∂22χχ22/ / ∂∂aa22 ((aa--aaminmin))22

but but σσaa
22=|1/2 =|1/2 ∂∂22χχ22/ / ∂∂aa22||--1 1 --> if a=> if a=aalowlow==aaminmin--σσaa or a=or a=aahighhigh==aaminmin++σσaaaa | /| / χχ // || lowlow minmin aa highhigh minmin aa

then then χχ22==χχ22
minmin+ 1+ 1

Many parameters: pay attention to correlationMany parameters: pay attention to correlation

Non linear case: pay attention to strong asymmetry Non linear case: pay attention to strong asymmetry p y g y yp y g y y

i.e. (i.e. (aaminmin--aalowlow)≠()≠(aahighhigh--aaminmin))
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0
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i.e. don’t forget covariancei.e. don’t forget covariance
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In some cases they are neglected in the fit, and later used to estimate the

uncertainties. A bettar procedure is to fit the unnormalized(i.e. 

uncorrelated data):

l t k 1   b   t  ith i 1 i t  hlet yik,k=ck zik,k k=1,..,n  be n measurements with ik=1,..,nk points each

Model Yk=fk (Xk; A1,…,Am)

Q =Σk {Σik [zik,k -f(xi;a1,…,am)/ck]2/σyik
2+(ck-am+1)2/σck

2]}

hopefully: Q->χ2 distribution with ν= Σk nk -m – n degrees of freedom

G. D’Agostini, NIM A 346(1994)306 and references thereinL. Gialanella- SLENA 2012, Kolkata, India



Y1=f1(X;A1,A2,A3)=A1+sqrt(A2)⋅X

Y2=f2(X;A1,A2,A3)=A1+A2⋅X/3+A3
-2 ⋅ X3

True parameter valuesTrue parameter values
A1=1; A2=2; A3=3;

Normalization:Normalization:

y1=c1⋅y1
y2=c2⋅y2

Experiment:

σ /y =0 01 y2 2 y2

True normalization values
c1=1 2; c2=1

σy1i
/y1i=0.01

σc1
/c1=0.1

σ /y =0 1 c1 1.2; c2 1σy1i/y1i=0.1
σc2

/c2=0.01
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Fit without normalization constants

100
fit:
A1=0.87 (exp.1)
A2=1.52 (exp.2)A2 1.52 (exp.2)
A3=3.08 (exp.3)

χ2=14.4

10

χ
ν=13
χ2/ν=1.11

i t l y1exp
y2exp
y1_nonorm
y2fit nonorm

experimental :
c1=1.04±0.12 (1.2)
c2=0.99±0.01 (1)

1
0 2 4 6 8 10 12

y _
y2true
y1true

0 2 4 6 8 10 12
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Fit with normalization constants

100
fit:
A1=0.97 (exp.1)
A2=1.91 (exp.2)A2 1.91 (exp.2)
A3=3.02 (exp.3)

χ2=9.2

10

1

χ
ν=11
χ2/ν=0.84

y1exp
y2exp
y1fit
y2fit

c1=1.17 ( exp 1.2)
c2=0.99 (exp 1)

1
0 2 4 6 8 10 12

y2true
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R-matrix fit to the sE1 - with normalization
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χ2= 352; ν=279-14
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R-matrix fit to the sE1 – with normalization
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For a full calculation, including normalization and 
using MonteCarlo, see D. Schürmann et al., PLB 2012
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To which cases do these consideration apply?
Efficiency
calibration
Relative measurements
etc

So: to which cases these consideration do not apply?
few

Special attention must be paid to high precision Special attention must be paid to high precision 
experiments
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