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I. Standard Model at low energies

1. Interactions

strong weak e.m. gravity

SU(3) x SU(2) x U(1) x D

Gravity

understood only at classical level

gravitational waves vV

quantum theory of gravity 7

classical theory adequate for distances large
compared to

Gh _
C



units

e T he constants c, h,eg, kK can be used to express

masses, lengths, times, charges, degrees in
energy units.

e Mass in energy units: m = mgc2
ime] = 1 Kg, [m] =1 J
1eV =1.602...1071° J

14
e length in energy units: ¢ = =l

he
s =1m, [(]=1J1
1 fm—1 = 197.32 MeV
. . : _ UsI
e velocity becomes dimensionless: v = —
C
e charge also dimensionless: e = °sl
. V Eoﬁc
02 02
— Fine structure constant: a= >t ="
Areqhc iy

, 47T€0h2 47
— Bohr radius: —— =

aBohr —

SUULTES)! €2me
e In energy units, the numerical values of the
four constants arec=h =¢ =k =1.



Standard Model is a precision theory for the
structure of matter

constituents, building blocks: u,d,e

held together by strong and electromagnetic
interactions: gluons, photons

at low energies, weak interaction only gener-
ates tiny, calculable corrections

Briefly discuss the qualitative properties of the
weak, electromagnetic and strong interactions
at low energies

Weak interaction

e frozen at low energies

E < My c? ~ 80 GeV

e heavy quarks and leptons decay into light ones

® s,¢,b,t,u, T,ve, vy, v ONly contribute indirectly,

via quantum fluctuations



Electromagnetic interaction

e Final form of the laws obeyed by the electro-
magnetic field: J. C. Maxwell 1865
Royal Society Transactions 155 (1865) 459
survived relativity and quantum theory, unharmed.

e Schrodinger equation for electrons in an elec-
tromagnetic field:

1 0y 1 = . \D
—— = ——(V A — =0
F o "o (Ve ey

contains the potentials A, ¢

are of physical significance



e Fock pointed out that the Schrodinger equa-
tion is invariant under a group of local transfor-

mations: Fock 1926
S N O :
A=A+Vi, == yi=eily

describe the same physical situation as /Y,go,zp
e Weyl termed these gauge transformations

e Equivalence principle of the e.m. interaction:

v physically equivalent to et/ ¢

e e/ is unitary 1 x 1 matrix, e ¢/ ¢ U(l)
f = f(&,t) space-time dependent function

e gauge invariance <= local U(1) symmetry
electromagnetic field is gauge field of U(1)
Weyl 1929

e U(1) symmetry 4+ renormalizability
fully determine the e.m. interaction



Strong interaction
nuclei = p + n ~ 1930

Nuclear forces
Stueckelberg, Yukawa ~ 1935

2 2
e h _r
V. - Ve=——¢€ 70
e A7y ° A7y
e2 1 h2
— o~ — ~13
47 137 47
long range short range
h
rg = 00 ro = =1.4-10"m
Mrc
My =0 My ¢? ~ 140 MeV

Problem with Yukawa formula:

P and n are extended objects
diameter comparable to range of force
formula only holds for r > diameter



e Protons, neutrons composed of quarks

P = uud N = udd
e Quarks carry internal quantum number
uq dq
U = d =
u3 d3

occur in 3 *“colours”

e Strong interaction is invariant under
local rotations in colour space 1973

uw' =U-u d'=U-d

U1 Uiz Uiz
U=|Uy Uxp Uz |eSU(3)
Uz1 Uszpx Us3z

e Can only be so if the strong interaction
iSs also mediated by a gauge field

gauge field of SU(3) = strong interaction

Quantum chromodynamics



Comparison of e.m. and strong interaction

QED QCD
symmetry U(l) SU(3)
gauge field A, o | gluon field
particles photons gluons
source charge colour
Condtant | e | 9

e All charged particles generate e.m. field
e All coloured particles generate gluon field

e Leptons do not interact strongly
because they do not carry colour

e Equivalence principle of the strong interaction:

uq ul
U-| ur> | physically equivalent to | uo
u3 u3




2. QED+QCD
Effective theory for E < Myc? ~ 80 GeV

Symmetry U(l) X SU(3)
Lagrangian QED4+QCD
e Dynamical variables:

gauge fields for photons and gluons
Fermi fields for leptons and quarks

e Interaction fully determined by group geometry
LLagrangian contains 2 coupling constants

¢ g

e Quark and lepton mass matrices can be brought
to diagonal form, eigenvalues real, positive

Me, My, M1y, My, Mg, Mg, Mc, My, T

e Transformation generates vacuum angle

0




e Precision theory for cold matter,
atomic structure, solids, ...

47

e2 me

Bohr radius: a =

e 0 breaks CP
Neutron dipole moment is very small

= strong upper limit, 6 ~ 0O



Qualitative difference between
e.m. and strong interactions

e Photons do not have charge

e Gluons do have colour
X1+ Xo = Xp -X7 fOr X1, xo € U(1) abelian
X1+ Xo 7= Xo - X1 for x1, xo € SU(3)

— Consequence for vacuum polarization

QED, density of charge QCD, density of colour

bare positron bare red quark
L~ L

cloud of gluons is red

cloud of electrons and positrons cloud of quarks and antiquarks

e < €| bare s > gs|bare

vacuum shields charge vacuum amplifies colour

— T he electromagnetic and strong interactions
polarize the vacuum very differently.



Comparison with gravity

e source of gravitational field: energy
gravitational field does carry energy

e source of e.m. field: charge
e.m. field does not carry charge

e source of gluon field: colour
gluon field does carry colour

+
Mercury + sun T —Mmeson

Mercury feels
less than total
energy of the sun

u-quark feels
less than total
colour of the d

Ole

sun

gravity strong interaction

Perihelion shift of Mercury:

43" = 50" — 7" per century
f



e Force between v and u :

Vs = —— —— | g—0 for r—0

92 . o
47 (11Ne—2N;) |In(r Aqcp)

~2.10718m

||n(TAQCD>| ~ for r =
y®

e Vacuum amplifies gluonic field of a bare quark

e Field energy surrounding isolated quark = oo
Only colour neutral states have finite energy

= Confinement of colour

e A analytic proof that QCD does confine colour.
Very good evidence from numerical simulations
on a lattice.

QED: interaction weak at low energies
QCD: interaction strong at low energies

47 137 4
photons, leptons gluons, quarks
nearly decouple confined

e Nuclear forces = van der Waals forces of QCD



3. Chiral symmetry

e Photons are extremely useful to probe QCD

Much of what we know about the structure of the hadrons stems
from scattering experiments involving electrons or photons

e+N — e+ N form factors of the nucleon
e+ N — e+ hadrons deep inelastic scattering

electroproduction, photoproduction



e For bound states of quarks,

e.m. interaction is a small perturbation

2

Perturbation series in powers of Z— v
T

Discuss only the leading term: set e =0

e Lagrangian then reduces to QCD

g, My ,Mqg, Mg, Mc, My, Tt

e my,my,ms Nappen to be light

Consequence:
Approximate flavour symmetries
Play a crucial role for the low energy properties



Theoretical paradise

my = mg = ms =0

Me = Mp =— Mt — OO

QCD with 3 massless quarks

e Lagrangian contains a single parameter: g
g is net colour of a quark
depends on radius of the region considered

e Colour contained within radius r

92 21

4r  9|In(r Aqep)]

e Intrinsic scale Aqcp is meaningful,
but not dimensionless

= NoO dimensionless free parameter

All dimensionless physical quantities are pure
numbers, determined by the theory
Cross sections can be expressed in terms of
Nqcp or in the mass of the proton



e Interactions of u, d, s are identical
If the masses are set equal to zero,
there is no difference at all

U
q=|d
S

e Lagrangian symmetric under u <> d <> s
g =V.q V € SU(3)

V' acts on quark flavour, mixes u, d, s

e More symmetry: For massless fermions,
right and left do not communicate

— Lagrangian of massless QCD is invariant under
independent rotations of the right— and left—
handed quark fields

¢r =351 +75)q, q =3(1—7s5)q
dr = Vi 4k q =V q
SU(3), x SU(3),



e Massless QCD invariant under SU(3),xSU(3),

SU(3) has 8 parameters
= Symmetry under Lie group with 16 parameters

— 16 conserved ‘“charges”
V. ...,Q¥  (vector currents, R+ L)
A ...,Q8 (axial currents, R — L)

commute with the Hamiltonian:
[Qi, Hyl =0 [Q7, Hyl =0
“Chiral symmetry” of massless QCD

e Vafa and Witten 1984: state of lowest energy
IS invariant under the vector charges

QY[0) =0

e Axial charges ? Q#]0) =7



Two alternatives for axial charges
Q}0) =0

Wigner-Weyl realization of G
ground state is symmetric

(Olgrq_|0) =0
ordinary symmetry
spectrum contains parity partners
degenerate multiplets of G

Q10) # 0

Nambu-Goldstone realization of G
ground state is asymmetric

<O|6R q, |O> =0
“order parameter”
spontaneously broken symmetry
spectrum contains Nambu-Goldstone bosons
degenerate multiplets of SU(3), C G

G = SU(3). x SU(3),




e Spontaneous symmetry breakdown was
discovered in condensed matter physics:

Spontaneous magnetization selects direction
— Rotation symmetry is spontaneously broken
Nambu-Goldstone bosons = spin waves, magnons

e Nambu 1960: state of lowest energy in particle
physics is not invariant under chiral rotations

QM0) # 0

For dynamical reasons, the state of
lowest energy must be asymmetric

= Chiral symmetry is spontaneously broken
e Very strong experimental evidence v

e [ heoretical understanding on the basis
of the QCD Lagrangian 7



e Analog of Magnetization 7
URUL drRUL SRUL
RQL = [ urdL drdL srdL

Ur SL drSL SRSL
Transforms like (3,3) under SU(3) x SU(3),

If the ground state were symmetric, the matrix
(Olgr qL |0) would have to vanish, because it
singles out a direction in flavour space

“quark condensate”, is quantitative measure
of spontaneous symmetry breaking
“order parameter”

(0|gr qL |0) < magnetization
e Ground state is invariant under SU(3)v
= (0|gr qL |0) is proportional to unit matrix
(O|ur uL |0) = (O|drd |0) = (0|5r s_|0)
(Olard |0) =... =0




4. Goldstone Theorem

e Consequence of Q7|0) # 0 :
Hon'A|O> — Qz'AHo 0) =0
spectrum must contain 8 states
Q710), ..., Q8]0) with E =0,

spin 0, negative parity, octet of SU(3)y
Nambu-Goldstone bosons

e Argument is not water tight:
(01 QR QR 10) = [dPnd% (0] AP(x) AQ(y) [0}
(0] A?(z) AD(y) |0) only depends on Z — ¢/

= (0| Q2 Q7 |0) is proportional to the
volume of the universe, |Q}|0)] = oo



e Rigorous version of Goldstone theorem:
(0| gr qL |0) 7%= 0 = 3 massless particles

Proof fasten seatbelts: takes 3 slides
Q= /d?’a?ﬂvovssd
[Q,dysu] = —uu — dd

o FH(z —y) = (O]u(z)y vysd(z) d(y)ysu(y) |0)
Lorentz invariance = FH(z) = zHf(22)
Chiral symmetry = 90,F*(z) =0

S

FH(z) = o

x constant (for z2 # 0)

e Spectral decomposition:
(O]u(x)y"ysd(x) d(y)vsuly) |0) =

Z<O|67M75d|n> <n| d_75u |O> e—ipn(:v—y)

n
pd >0 = FH(z) is analytic in 20 for Imz9 < 0
”

7 —
FH(z) = [0 o2 _ 7212 x constant




e Positive frequency part of massless propagator:
(exercise # 1)

g d3 .
A—I— ,O — —ipz 7 0 __ |7
. 1
CAri{(20 —ie)2 — 22}
e Result

(Olu(z)vHysd(x) d(y)vsu(y) |0) = C OFAH(z,0)
e Compare Kallen—Lehmann representation:

(0]u(z)y"ysd(x) d(y)vsu(y) |0)

= (2m)73 [alpp p(p?)e= =)

@)
:/O ds p(s)O* AT (z — vy, 8)
At(z,s) <= massive propagator
( 4 0 2 —ipz
dp6 ) — p
(ory3 [P0 66 — e

= Only massless intermedate states contribute:

p(s) = C4(s)

N (z,8) =



e Why only massless intermediate states 7
(n|dvysu|0) # 0 only if (n| has spin O
If |n) has spin 0 = (O|u(z)y*y5d(z)|n) o pt e P*
Ou(uyHysd) =0 = p? =0
= Either 3 massless particles or C =0
e Claim: (O|grqL|0) #0=C %0
Lorentz invariance, chiral symmetry
= <0|cl_(y)75U(y)ﬂ(x)v_“75d(w) 0) = C"OHAX(2)
= (0] [u(z)y*ysd(z), d(y)vsu(y)] |0)
= COMAT(2,0) — C'OFLX (2, 0)
e Causality: if x — y is spacelike, then
(0] [u(z)yHy5d(x), d(y)ysu(y)]|0) =0

= C'=-C
= (0] [a(x)y*ys5d(x), d(y)y5u(y)] |0) = COFA(z,0)

= (0] [Q, d(y)ysu(y)]|0) = C

¢ (0] [Q; d(¥)ysu(¥)]|0) = —(0luu +dd|0) = C
Hence (Oluu 4 dd |0) %= 0 implies C # 0 ged.




5. Gell-Mann-Oakes-Renner relation

= Spectrum of QCD with 3 massless quarks must
contain 8 massless physical particles, JP =0"

e Indeed, the 8 lightest mesons do have these
quantum numbers:

T, 70 n, KT, KO KO K~ ¢

But massless they are not

777



e Real world # paradise

muamd7m37'—£o

Quark masses break chiral symmetry,
allow the left to talk to the right

e Chiral symmetry broken in two ways:
spontaneously (Olgr g, |10) #O

explicitly My, Mg, Ms = 0



e Hqocp only has approximate symmetry, to the
extent that my, mg, ms are small

HQCD — HO + H1
H, = /d?’w {myuu + mydd + msss}

e H, is Hamiltonian of the massless theory,
invariant under SU(3)rxSU(3)L

e H, breaks the symmetry,
transforms with (3,3) @ (3, 3)

e For the low energy structure of QCD, the
heavy quarks do not play an essential role:
c,b,t are singlets under SU(3)rxSU(3).
Can include the heavy quarks in H,

e Nambu-Goldstone bosons are massless only if
the symmetry is exact



e Gell-Mann-Oakes-Renner relation:
1
M2 = (my + myg) x [{O]uu|0)| x — 1968
7T
i) i)
explicit spontaneous
Coefficient: decay constant F;

Derivation takes 2 slides
e Pion matrix elements in massless theory:

(Olur"ysd|m ) =iVv2 F p
Olwiygdlm ) =vV2G
Only the one—pion intermediate state
<0\ﬁ(fv)v“%d(w)ﬂd_(y)vsuw) 0) = C O*AT(2,0)
[T ) (7
contributes. Hence 2 F G =C
e Value of C fixed by quark condensate
C = —(0|wu + dd |0)
— EXxact result in massless theory:
F G = —(0|uu |0)




e Matrix elements for mgquark 7= O:

(O|uyH~sd|m ™)y =1 V2 Fy pt
Olwivsd|n ) =v2Gr
e Current conservation
Ou(urtysd) = (mu + mg)uivysd
= FWM% = (mu + md) Gr

M% = (my +my) — exact for m #= 0

ol > F, Gr—G form—20
F G = —(0|uu |0)
iﬁ— (O|uwu |0)

E o 2 + O(m)
= M2 = (my+mg) <_<O|]f;|o>> +O(m?) v

= (O|uw |0) < O if quark masses are positive



o M2 = (my+ my) B+ O(m?)

L _ lolzulo)|
Fz

‘mu,md—>0
e VM, disappears if the symmetry breaking
is turned off, mqy, my — 0 V

e Explains why the pseudoscalar mesons
have very different masses
MIQ{+ = (my 4+ ms) B+ O(m?)
Mo = (mq +ms) B+ O(m?)
= M2# is about 13 times larger than M2, because
mqy, mg happen to be small compared to ms

e First order perturbation theory also yields
M% = % (my + my + 4ms)B + O(m?)
= Mz — 4AM% + 3M7 = O(m?)
Gell-Mann-Okubo formula for M2 V/



Checking the GMOR formula on a lattice

e Can determine My as function of my=mg=m

0.08

(amy )2 r

0.06

0.04

0.02

T

294

381

484

x**/wn

my~676 MeV o

Lischer, Lattice conference 2005

0-08 T T T I T

[ (amps)?

0.06 [~
0.04

0.02

0-|||||||

T T I T T T T
fit to 5 points ------
fit to 4 points

(an)
| IR R S T

0 0.004

0.008 0.012 0.016

ETM collaboration, hep-lat/0701012

e NO quenching, quark masses sufficiently light

— Legitimate to use XPT for the extrapolation to
the physical values of my,my



e Quality of data is impressive

e Proportionality of M% to the quark mass ap-
pears to hold out to values of my,my that are
an order of magnitude larger than in nature

e Main limitation: systematic uncertainties

in particular: Nf =2 — Nf = 3



II. Chiral perturbation theory

Scholarpedia: Chiral Perturbation Theory

6. Group geometry

e QCD with 3 massless quarks:
spontaneous symmetry breakdown
from SU(3)RXSU(3)L to SU(3)V
generates 8 Nambu-Goldstone bosons

e Generalization: suppose symmetry group
of Hamiltonian is Lie group G
Generators Q1,Q»o,...,Qp, D = dim(G)
For some generators Q;|0) =0
How many Nambu-Goldstone bosons 7

e Consider those elements of the Lie algebra
Q=a1Q1+ ... +an@p, for which Q|0) =0
T hese elements form a subalgebra:
Q0)=0,Q'[0) =0 =[Q,Q1|0) =0
Dimension of subalgebra: d < D

e Of the D vectors Q;|0)

D — d are linearly independent
= D — d different physical states of zero mass
= D — d Nambu-Goldstone bosons



e Subalgebra generates subgroup HC G
H is symmetry group of the ground state
coset space G/H contains as many parameters
as there are Nambu-Goldstone bosons
d=dim(H), D =dim(G)

= Nambu-Goldstone bosons live on the coset
G/H

e Example: QCD with Ny massless quarks
D=2(NJ%—1), d=NJ%-1

N]% — 1 Nambu-Goldstone bosons

e It so happens that mg, mg < ms

e my = myg = 0 is an excellent approximation

SU(2)rx SU(2)_ is a nearly exact symmetry
Ny =2, NJ? — 1 = 3 Nambu-Goldstone bosons

(pions)



7. Generating functional of QCD

e Basic objects for quantitative analysis of QCD:
Green functions of the currents

VaM:CjWM%Aaqa Ag — §7M75%ACLQ7
Sa=q3Xaq, Pa=7iv55Naq
Include singlets, with A\, = 4/2/3 x 1, as well as

— gl

e Can collect all of the Green functions formed
with these operators in a generating functional:
Perturb the system with external fields
vi(@), af(@), sa(a), p(2), 0(x)

Replace the Lagrangian of the massless theory

1 _ . .
'CO — —2—92 tcl’ GM]/G'UJ/ _I_ q 'L’Y'u(a,u — 1 G,u) q
by L =L, + L,

L, = UZVCL“ + aZAg — 5284 — p*Py — Ow

e Quark mass terms are included in the external
field sq(x)



e |0in): system is in ground state for 20 — —co
Probability amplitude for finding ground state
when 20 — 4o0:

e'Sacotvasrfl— (goutjoin), =
e Expressed in terms of ground state of £;:

e Expansion of Sqcpqwv,a,s,p,0} in powers of the
external fields yields the connected parts of
the Green functions of the massless theory

Saco{v,a,5,p,0} = ~ [do sa(2)(0] 5°(2) |0)
+5 [dady ag(+)al (y) (0] T AL () AF (9) [O)conn + - -

e Sqcpiv,a,s,p,0} is referred to as the
generating functional of QCD

e For Green functions of full QCD, set

sa(x) = mg 4+ Sa(x), meg=1trAgm

and expand around 54(x) =0



e Path integral representation for generating
functional:

coqcpiv.a,s,p} — N/[dG] o)Az LG deot D

1 0
L= —=trG, GM —
© 2g2 ¢ i 672

D = iy"{0u — i(Gpu + vp + apys)} — s — iysp

tr G GH

G i1s matrix in colour space
vu, au, S, p are matrices in flavour space

vu(x) = %)\a v (x), etc.



8. Ward identities

Symmetry in terms of Green functions

e Lagrangian is invariant under

r(z) = Vr(z) qr(z), qu(z) — VL(z)qL(x)
Vr(z), ViL(z) € U(3)

provided the external fields are transformed with
Vi, + by = Ve (uou + ap) Vi — i8u VeV
vL — CLIMZVL(UM — CLIu)VLT — ’L'(?MVLV,_]L
S +ip'=Va(s +ip)V]

The operation takes the Dirac operator into
D'={P Ve + PyVi} D{PL Vi + PV}
Pr=2(1=%1s)

e det D requires regularization

A symmetric regularization

— det D' # det D, only |det D’'| = |det D |

symmetry does not survive quantization



e Change in det D can explicitly be calculated
For an infinitesimal transformation
Ve=14+ia+i8+..., Vi=14ia—i8+...
the change in the determinant is given by

det D' = det D e~ tJdz{2(B)w+(52)}

(Ay =trA

w= el G GH gluons
Ne  vpo .
7r

e Consequence for generating functional:
The term with w amounts to a change in 0,
can be compensated by ¢/ =6 — 2 (3)
Pull term with (82) outside the path integral

= SQCD{Ula CL/, S/7p/7 9/} — SQCD{Ua a, s, p, 9} —/d$<BQ>




SQCD{Ula a’/7 8/7 p/7 9/} — SQCD{U7 a’? S) p? 9} _/d$</BQ>

e Sqcp is invariant under U(3)rxU(3)., except
for a specific change due to the anomalies

e Relation plays key role in low energy analysis:
collects all of the Ward identities
For the octet part of the axial current,e.qg.

0% (0| TAK(x) Py(y) |0) = —%i6(x — ){(0]q{Aa, \p}¢ |O)
+ (0| Tq(x) ivs{m, 2Xa}q(z) Py(y) |O)

e Symmetry of the generating functional implies
the operator relations

8MVa“=cji[m,l)\a]q, a=20,...,8
OuAL =qivs{m, %)\a}q, a=1,...,8
oAy = \/gcjivggmq +V6w

e Textbook derivation of the Ward identities

goes in inverse direction, but is slippery
formal manipulations, anomalies 7



9. Low energy expansion

e If the spectrum has an energy gap

— NO Singularities in scattering amplitudes
or Green functions near p =0

— |low energy behaviour may be analyzed with
Taylor series expansion in powers of p

f)=14 (r¥)t+ ... form factor
T(p)=a 4+ bp® + ... scattering amplitude

Cross section dominated by do 5
S—wave scattering length a0 al

: . b momentum

e Expansion parameter: =

m energy gap

e Taylor series only works if the spectrum
has an energy gap, i.e. if there are

NO Mmassless particles




e Illustration: Coulomb scattering
et+e—e++e

Photon exchange = pole att =20

02

(' —p)
Scattering amplitude does not admit
Taylor series expansion in powers of p

T —

/ 2

e QCD does have an energy gap
but the gap is very small: Mx

= Taylor series has very small radius of
convergence, useful only for p < Mx



e Massless QCD contains infrared singularities
due to the Nambu-Goldstone bosons

e For m, = my g = 0, pion exchange gives rise to
poles and branch points at p =20

— LOow energy expansion is not a Taylor series,
contains logarithms

Singularities due to Nambu-Goldstone bosons can
be worked out with an effective field theory
Chiral Perturbation Theory

Weinberg, Dashen, Pagels, Gasser, ...

e Chiral perturbation theory correctly reproduces
the infrared singularities of QCD

e Quantities of interest are expanded in powers
of external momenta and quark masses

e EXpansion has been worked out to
next-to-leading order for many quantities
" Chiral perturbation theory to one loop”

e In quite a few cases, the next-to-next-to-leading
order is also known



e Properties of the Nambu-Goldstone bosons are
governed by the hidden symmetry that
IS responsible for their occurrence

e |Focus on the singularities due to the pions

HQCD — HO + Hl

H, = /d3a: {myuu + mydd}
H, is invariant under G = SU(2)g x SU(2),
|0) is invariant under H = SU(2),,

mass term of strange quark is included in H,

e Treat H, as a perturbation

Expansion in Expansion in

<~
powers of H, powers of my, my

e Extension to SU(3)r x SU(3), straightforward:
include singularities due to exchange of K,n

— Discuss this later, first treat only my,mg as
small quantities, keep ms fixed at the physical
value, study the effective theory belonging to
SU(2)r x SU(2),



10. Effective Lagrangian

e Replace quarks and gluons by pions

#(z) = {r!(2), 72 (), 73(2)}
ﬁQCD — £eff

e Central claim:
A. Effective theory vields alternative
representation for generating functional of QCD

ciSqep{va.sp,0} — Neff/[dﬁ]eifdﬂﬁﬁeﬁ{ﬁ,v,a,s,pﬁ}

B. L. has the same symmetries as Lqcp

— Can calculate the low energy expansion of the
Green functions with the effective theory.
If Eeff IS chosen properly, this reproduces the
low energy expansion of QCD, order by order.

e Proof of A and B: H.L., Annals Phys. 1994



e Pions live on the coset G/H = SU(2)
7(x) — U(x) € SU(2)

The fields 7(x) are the coordinates of U(x)

Can use canonical coordinates, for instance
U=expi7-T€SU(2)
e Action of the symmetry group on the quarks:
rR=Vr-qr, q =V q
e Action on the pion field:
U'=Ve-U-V,

Note: Transformation law for the coordinates

—

7 IS complicated, nonlinear

e Except for the contribution from the
anomalies, /Leff IS invariant

Leff{U/,v’, a,s',p, 0} = LU, v,a,5,p,0}

Symmetry of Sqcp implies symmetry of L 4



Side remark

e For nonrelativistic effective theories, the effec-
tive Lagrangian is in general invariant only up
to a total derivative.

— From the point of view of effective field theory,
nonrelativistic systems with Nambu-Goldstone
bosons are more complicated than relativistic
ones

detailed discussion: H. L., Phys. Rev. D49 (1994) 3033

e Origin of the complication: the generators of
the symmetry group may themselves give rise
to order parameters

(0] Q"|0) # O

This cannot happen in the relativistic case:

Q= [d% ;%)
(0] () [0) = 0 = (0] Q|0) =0



Nonrelativistic example where it does happen:
Heisenberg model of a ferromagnet

H=—-g) §- S
(29)
g>0 1NN lower in energy than 1
e Ground state = AP fh--- 1

e Magnetization: M = EZ o

(0| F710) 3 0 <= (0| L |0) % O
e Symmetry generators: Q > i S X M

e Hamiltonian is invariant under the full rotation
group G = SO(3), ground state is invariant
only under rotations around the direction of
(0] M [0), H = U(1)

e Effective field lives on G/H = S5: unit vector
U, parametrized by 2 coordinates w1, 72

e Effective Lagrangian of ferromagnet is
invariant under local rotations only up to a
total derivative. Leading term is related to the
Brouwer degree of the map (nl,72) = U.



11. Explicit construction of L

e First ignore the external fields,

Lofr = Legp(U,0U,0°U, ...
Derivative expansion:

Lo = fo(U)+fL(U)x DU+ f2(U)x0,UxHU. ..
i i i

O(1) O(p?) O(p?)
Amounts to expansion in powers of momenta

e Term of O(1): fo(U) = fO(VRUVLT)
Vh=1, W=U—VrUV =1

= fo(U) = fo(1) irrelevant constant, drop it
e Term with [JU: integrate by parts
— can absorb f1(U) in f2(U)



— Derivative expansion of Eeff starts with
Legr = f2(U) x 0U x 0*U + O(p*)
e Replace the partial derivative by
A, =0,UUT,  trA, =0

A, is invariant under SU(2). and transforms
with the representation D(1) under SU(2)g:
A= Ve A,V
In this notation, leading term is of the form

Logr = F2(U) x Dy x AF+ O(p*)

e Invariance under SU(2).: f(U) = fz(UVLT)
= f»(U) is independent of U

e Invariance under SU(2)r: A, x AH transforms
with D) x D) s contains unity exactly once:
tr(ALAR) = tr(9,UUTOFUUT) = —tr(8,U0MUT)

— Geometry fixes leading term up to a constant

F2
Lofr = Ttr((‘mfaﬂlﬁ) + o)




2
Lefy = FTtr((?MUéWUT) +0(p™)

e Lagrangian of the nonlinear oc-model

e Expansion in powers of 7:

U=expift-7=1+i7 7—27°+...

2 . 2
= Lefr = % Oyt - O + Z—8tr{[8u7r, ] [OFm, 7]} 4. ..

For the kinetic term to have the standard
normalization: rescale the pion field, # — 7/ F

Lefp = 5 OuR - 0T+ ostr{[Opm, 7] [0Fm, 7]} + ..

= a. Symmetry requires the pions to interact
b. Derivative coupling: Nambu-Goldstone bosons
only interact if their momentum does not

vanish = Mr4



e EXpression given for £€ff only holds if the ex-
ternal fields are turned off. Also, tr(8,Ud*UT)
IS invariant only under global transformations

Suffices to replace o ,U by

DU = 0,U —i(vy + ap)U + iU (vy — ap)

In contrast to tr(9,Ud*UT), the term tr(D,UDHUT)
is invariant under local SU(2)rx SU(2)L

Can construct further invariants: s + p
transforms like U = tr{(s + ip)UT} is invariant

Violates parity, but tr{(s+ip)UT}+tr{(s—ip)U}
is even under p — —p, T — —7

In addition, 4 invariant independent of U:

e Count the external fields as
0 =0(1), wvuau=0(p), s,p=O0(p?)



e Derivative expansion yields string of the form
Logp = L2+ £ 4 £ 4

e Full expression for leading term:

2
£(2) = o — (D UDFUT + xUT + Ux") + hoD,0DH 0

x=2B(s+ip), (X)=tr(X)

e At LO, symmetry allows 2 "low energy con-
stants” (F,B) plus 1 "contact term” (ho)

e Next-to-leading order:

£(4) =%1<DMUD“UT>2 + %(DMUDVUT)

(3
+4

+...
e Altogether 7 LEC 4+ 3 CT at NLO

¢
UT+ Ux2 + f(DMXDMUT + D, UDFT)

e Number of LEC rapidly grows with the order
of the expansion



e Infinitely many LEC
Symmetry does not determine these
Predictivity ?

e Essential point: If Llef IS known to given order
= can work out low energy expansion of the
Green functions to that order Weinberg 1979

e Fir, M involve 2 LEC at NLO: /43,/44.

e In the nm scattering amplitude, two further
LEC enter at NLO: /41, 45.

e Note: effective theory is a quantum field theory
Need to perform the path integral

ciSQcp{via,sp,0} — Neff/[dU]eifdfﬂﬁeﬁ{U,v,a,s,pﬁ}




e Classical theory < tree graphs
Need to include graphs with loops

e Power counting in dimensional regularization:
Graphs with ¢ loops are suppressed by factor
p% as compared to tree graphs

— Leading contributions given by tree graphs
Graphs with one |loop contribute at next-to-
leading order, etc.

e The leading contribution to Sqcp is given by
the sum of all tree graphs = classical action:

Saco{v, a, s, p, 0} = extremum [dzx Lo{U, v, a, s, p, 0}
U(x)



III. Illustrations

12. Some tree level calculations

12.1 Extracting the quark condensate from
the generating functional

e?Saco{v:asp0} — (0| T exp i /dxﬁl 0)

Saco{v,a,5,p,0} = ~ [dz sa(x)(0] 5°(2) |0)

—I—%/dxdy aZ(m)ag(y)<O| TAH(x)AF (y) [0)conn + - ..



12.2 Condensate in terms of effective theory

e Need the effective actionforv =a=p=60 =0
to first order in s

— classical level of effective theory suffices.
e extremum of the classical action: U =1
SéCD =/dacFQB trs(x)
s(x) = Ags®(x)

e comparison with

Sdeo = = [dw sa(2)(0] $(x) [0}

(O|uw |0) = (0|dd |0) = —F2B (1)




Quark condensate in chiral limit:

> = |(O]uu |0)|

My, mg — O

> = F?PB

Lattice result (FLAG 2013, arXiv:1310.8555):
Ny=2: > = 270(7) MeV
24+1: >

Ny 265(17) MeV
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12.3 Evaluation of M, at tree level

e In classical theory, the square of the mass is
the coefficient of the term in the Lagrangian
that is quadratic in the meson field:

F? F?B
- U+ UXT) = ——=(m(U" + 1))
2 7 2
Hence M? = (my + my)B (2)

e Tree level result for Fi:
Fr=F (3)
e (1) + (2) + (3) = GMOR relation:

> _ (mu~+my) [{0]uu |0)]
M2 = 72




13. M, beyond tree level

e The formula M2 = (my + my)B only holds at
tree level, represents leading term in expansion
of M2 in powers of my,my

e Disregard isospin breaking: set my =myg=m
13.1 M, to 1 loop

e Claim: at next-to-leading order, the expansion
of M2 in powers of m contains a logarithm:

A2
M2 =M?—-—=_—"__n 3—|—O(M6)
M? = 2mB

e Proof: Pion mass < pole position, for instance
in the Fourier transform of (O|TA’5LL(x)Ag(y) |0)

Suffices to work out the perturbation series for
this object to one loop of the effective theory



o, (O
+ + -

A\

e Result (exercise # 5):

203M*  M? 1 5 6

A0, MY +0(M
2 52 ( ) +O(M?)
A (0, M?) is the propagator at the origin

(exercise # 2):

MZ = M?*+

1 d%
(27)d /M2 — p2 — i€
=i (4r)" Y21 (1 — d/2)MI2

A0, M?)=

e Contains a pole at d = 4:
r(1-d/2)=-> +
=1t

e Divergent part is proportional to M?2:
=M2p M1+ (d—4) In(M/p) + ...}



e Denote the singular factor by

A= %(4%)_d/2 r(1—d/2)put*

d—4 1 1
e {d_ - 2(n4m+7'(1) + 1) + 0(d - 4)}

e [ he propagator at the origin then becomes

1 M?
lA(O,MQ):MQ 2\ + In— + O(d — 4)
1 1672 2

e In the expression for M2

203M* LM M2 1
F? 2F2

the divergence can be absorbed in /3:

1
63 — __)\_I_gren

M? = M?+ “A0, M?)+0(M®

o Ere” depends on the renormalization scale u

3 = ! Inu2
64n2 N3

e A3 is the ren. group invariant scale of /3

running low energy constant




e Net result for M2

2=zt M

/\
x > GanFy2 Mz T OM)

— M2 contains a chiral logarithm at NLO

e Crude estimate for A3, based on SU(3) mass
formulae for the pseudoscalar octet:

0.2 GeV < A3 < 2 GeV

_ A2

f = In —3 = 29+24 Gasser, L. 1984
M2

3 better determination ¢3 on the lattice, to be discussed later
— Next—to—leading term is small correction:

OOO5<1 M2 In /\2<OO4O
2 (47 F;)2 7T

e Scale of the expansion is set by size of
pion mass in units of decay constant:
M? M?2

— = 0.0144
(4nF)2  (47Fr)?




13.2 M, to 2 loops

3 .
e Terms of order mg .-

1 M4 /\
" 2 (47 F)2 Y
17 M° AW 6 g
In 4 kmM® 4+ O(M
T 16 (47TF)4< M2> + M 4 O(MF)

F' is pion decay constant for my =my4 =20
ChPT to two loops Colangelo 1995

e Coefficients i 5 and determlned by symmetry

[ /\3,/\|\/| and km < LEC in [’eff



14. F; to one loop

e Also contains a logarithm at NLO:

2 M2 4
Fr=F{1— In O(M
" { 1672 F2 /\42Jr ( )}
2 2 > M 4
MzZ=M=*!{1 In O(M
g { HE T /\32+ ( )}

F' is pion decay constant in limit my,mg — 0O

e Structure is the same, coefficients and scale of
logarithm are different

e Low energy theorem: at leading order in the
chiral expansion, the scalar radius is also de-
termined by the scale Ay:

5 6 Nz 13 5
T = G Ey? {In Mz 10 TOWM )}

Chiral symmetry relates Fy to (r?)

What is the scalar radius 7?7 = next section



15. Pion form factors

e Scalar form factor of the pion:

Fs(t) = (n(P)|qqln(®)) , t= (' —p)?
e Definition of scalar radius:

Fu(t) = Fu(0) {1 n %(r2>8 E+ 0(t2)}

e Low energy theorem:

> 6 N7 13 5
) = (anr2 {m M2 1 TOWM )}

— In massless QCD, the scalar radius diverges,
because the density of the pion cloud only de-
creases with a power of the distance

e Same infrared singularity also occurs in the
charge radius (e.m. current), but coefficient
of the chiral logarithm is 6 times smaller:

> 6 A2 13 5
<r>s_m{|nM42—12+0(M )}

2
(r?) = —(47rlp’)2 {In % ~1+ O(MQ)}

= (r?), > (r?) if M small enough



e (r?)  can be determined experimentally
em

(r?) = 0.439 £ 0.008 fm?
em
NA7 Collaboration, NP B277 (1986) 168

e Scalar form factor of the pion can be calculated
by means of dispersion theory

e Result for the slope:

(r%), = 0.61£0.04fm?

Colangelo, Gasser, L., Nucl. Phys. 2001

— Corresponding value of the scale A4

Ag = 1.26 4+ 0.14 GeV



16. Lattice results for M, F;

16.1 Results for M

e Determine the scale A3z by comparing the
lattice results for M, as function of m with
the XPT formula

1 M4 /\2

2 (47F)2
M< =2Bm
T IﬂGZQl3 ‘ ‘ l’ﬂ3
:— il our estimate for N¢=2+1+1
(I\I‘ | ETM 11
= il ETM 10
L our estimate for Ne=2+1
- HH RBC/UKQCD 12
+ = Borsanyi 12
o~ ——-—— NPLQCD 11 . -
I ——— MILC 10A lattice results for /3
= A RBC/UKQCD 10A
H—— MILC 09A
m] PACS-CS 08
H——H RBC/UKQCD 08
our estimate for Ny =2
T Bernardoni 11
o~ O TWQCD 11
Il ETM 09C
Zz — ETM 08
H— JLQCD/TWQCD 08A
CERN-TOV 06
Gasser 84
1 2 3 4 5
2
Horizontal axis shows the value of #3 = In Mg?
T

Range for Az obtained in 1984 corresponds to /3 =2.9+ 2.4

¢z | 3.45+0.26 | 277 +£1.27 | 3.70+0.27

Ny =2 N;=24+1]| Ny=24+141 FLAG 2013



16.2 Results for F;

M? M?
F.=F{1— In O(M*
" 1672 F2 /\42+ (M7)

+ FTAG2013 4
C‘L' our estimate for N¢=2+1+1
Il ETM 11
= ETM 10
» - our estimate for Ny =2+1
- —{ RBC/UKQCD 12
+ — Borsanyi 12
~ | : » : | NPLQCD 11
Il HH i | MILC 10A
& ——— RBC/UKQCD 10A
z T MILC 09A
HH PACS-CS 08
{1 : RBC/UKQCD 08
— . our estimate for N¢ =2
HH QCDSF 13
o~ HH Bernardoni 11
Il O TWQCD 11
= —a ETM 09C
— JLQCD/TWQCD 09
—Ko— ETM 08
{1 JLQCD/TWQCD 08A
—O— Colangelo 01
[ : Gasser 84
35 40 45 50 5.5
2
Horizontal axis shows the value of Z, = In M“Q

T

e Lattice results beautifully confirm the predic-
tion for the sensitivity of Fr to my, my:

F
Fﬂ = 1.072 £ 0.007 Colangelo, Diirr 2004



17. mm scattering

17.1 Low energy scattering of pions
e Consider scattering of pions with p =20

e At p = 0, only the S-waves survive (angular
momentum barrier). Moreover, these reduce
to the scattering lengths

e Bose statistics: S-waves cannot have I = 1,
either have I =0or I =2

— At p = 0, the nw scattering amplitude is

characterized by two constants: a8, a3

e Chiral symmetry suppresses the interaction at
low energy: Nambu-Goldstone bosons of zero
momentum do not interact

= a3,a3 disappear in the limit my, mg — 0

= af,a3 ~ M2 measure symmetry breaking



17.2 Tree level of XPT

e Low Energy theorem Weinberg 1966:

7M?2
0 M4
p—
“0 327‘(‘F2+ O(Mz)
A42

+ Oo(M2)

2
a
07 167F2

= Chiral symmetry predicts a8, a3 in terms of Fx

e Accuracy is limited: Low energy theorem
only specifies the first term in the expansion
in powers of the quark masses
Corrections from higher orders 7



17.3 Scattering lengths at 1 loop
e Next term in the chiral perturbation series:

7M?2 9 M2 /\
1+ -
327 F2 2 (47TF7T)2

ag= 5+ O(M4)}

e Coefficient of chiral logarithm unusually large
Strong, attractive final state interaction

e Scale Ag is determined by the LEC of £(4):

eff
9O A2 20-= 40 =
~In =y iy ——E 20, 4+ =
2 M2 21 1+ 5742 3+ 4+
e Information about 571, Ceey 574 ?

momentum dependence
of scattering amplitude

01,05 —

— Can be determined phenomenologically

dependence of scattering

03,0y —
3 %4 amplitude on quark masses

Have discussed their values already



17.4 Numerical predictions from XPT

-0.03

-0.04
a2
0
-0.05
= Universal Band
e tree, one loop, two loops
low energy theorem for scalar radius
0.06C — Colangelo, Gasser & L. 2001 |
\ ! \ ! \ ! \ ! \ ! \
0.16 0.18 0.2 0.22 0.24 0.26
0
aO

Sizable corrections in a§ | a3 nearly stays put



17.5 ad, a3 from lattice results for £3, £4

e Uncertainty in prediction for a$, a3 is domi-

nated by the uncertainty in the LEC /3, /4

e Can make use of the lattice results for these

universal band

) tree, one loop, two loops
scalar radius

CGL 2001

CERN-TOV 2006
LQCD 2008
@@ PACS-CS 2009
<™ MILC 2010

<> ETM 2010

<« RBC/UKQCD 2011
4 < NPLQCD 2011
Tt <> Scholz et al. 2011

= NPLQCD 2008
b mmmm Feng et al. 2010
0.05 NPLQCD 2011

/ Yagi et al. 2011

-0.06

-0.03

-0.04

-0.035

0.22 0.24 0.26

0.2 0.21 0.22 0.23 0.24



17.6 Experiments concerning a, a3

e Production experiments #N — 7w N,
Y — mnw, B — Dnmw, ...

Problem: pions are not produced in vacuo

— Extraction of nmw scattering amplitude is
not simple

Accuracy rather limited

o KT — rtnx—e*v data:
CERN-Saclay, E865, NA48/2

o KT 7TO7TO7T:|:, KO — 7070,0: cusp near
threshold, NA48/2

o 7T7~ atoms, DIRAC



17.7 Results from K,.4 decay
KT 5 nta—eTy
e Allows clean measurement of 53 — §1

Theory predicts 6§ — 81 as function of energy

\ ‘ \ ‘ \
theoretical prediction 2001
20 - ® CERN-Saclay 1977 isospin corrected
® EB865 2003 isospin corrected
® NA48/2 2006 isospin corrected
5] ¢
0 1 10 - _
80_ 81 I
5r E i
O f
_5 | gi | I | I | I | I | I
0.28 0.3 0.32 0.34 0.36 0.38 0.4

GeV

Prediction: a3 = 0.220 & 0.005

NA48/2: a8 = 0.2206 +0.0049+0.0018+0.0064
stat syst theo

Bloch-Devaux, Chiral Dynamics 2009



e [ here was a discrepancy here, because a
pronounced isospin breaking effect from
K—719%0%y snTrev
had not been accounted for in the data analysis

Colangelo, Gasser, Rusetsky 2007, Bloch-Devaux 2007

\ ‘ \ ‘ \
theoretical prediction 2001
CERN-Saclay 1977

[
® EB865 2003
® NA48/2 2006

§ data not corrected for isospin breaking

_5 | I | I | I | I | I | I
0.28 0.3 0.32 0.34 0.36 0.38 0.4

GeV

e [ he correction is not enormous, but matters:
If a8 is determined from the uncorrected NA48
data, the central value comes out higher than
the theoretical prediction by about 4 times the
uncertainty attached to this prediction.



17.8 Summary for aj, a3

-0.03

-0.035

universal band

tree, one loop, two loops
scalar radius

CGL 2001

SRR
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CLles)

E865 Ke4 2010
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Feng et al. 2010
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Yagi et al. 2011
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18. Conclusions for SU(2)xSU(2)

e Expansion in powers of mg,my yields a very
accurate low energy representation of QCD

e Lattice results confirm the GMOR relation

= M, is dominated by the contribution from the
quark condensate

= Energy gap of QCD is understood very well

e Lattice approach allows an accurate
measurement of the low energy constant /3
already now

e Even for /4, the lattice starts becoming
competitive with dispersion theory



EXxercises

1. Evaluate the positive frequency part of the massless propagator

1 d3k . -
AH(z,0) = ke R0 = |k
(2,0) (%)3/2/@06 i
for Imz% < 0. Show that the result can be represented as
1
A(z,0) =
(2,0) 477422

2. Evaluate the d-dimensional propagator

ddk e—ik:z
(2m)d M2 — k2 — ic

A(z,M) =

at the origin and verify the representation

A0, M) = ﬁr (1 _ g) (Y—j)

How does this expression behave when d — 4 7

-1

Nl



3. Leading order effective Lagrangian:

F2
£® = - (D UDPUY + xUT + Ux') + hgD,0D"6

DU = 9,U —i(v, 4+ ap,)U + 1 U(v, — ay)
X = 2B (s+ip)

D0 = 8,0 + 2(a,)

(X) = trX

e Take the space-time independent part of the external field
s(x) to be isospin symmetric (i. e. set my = myg = m):

s(z) =m1l+4 5(x)
e Expand U = expi¢/F in powers of ¢ = <E~F and check that,

in this normalization of the field ¢, the kinetic part takes the

standard form
£? = 19,6 9"¢ — IM3¢* + ...

with M2 = 2mB.

e Draw the graphs for all of the interaction vertices containing
up to four of the fields ¢,v,,ayu, s, p, 0.



4. Show that the classical field theory belonging to the QCD La-
grangian in the presence of external fields is invariant under

’UL + a;l = Vr(vu + aM)VIT? — i@NVRVfQ
v, —a, = V| (v, — au)Vli — i@MVLVi
s +ip = Vr(s+ip)V]

ir = VRar(z)

q = VLa

where Vi, V| are space-time dependent elements of Uu(3).

5. Evaluate the pion mass to NLO of XPT . Draw the relevant
graphs and verify the representation
203M* M? 1

M? = M? + ——— + 5 ~A(0, M?) + O(M®)

6. Start from the symmetry property of the effective action,
SQCD{'U/a alv S/ap/a 01} — SQCD{U7 a, s, p, 9} - da:(ﬁQ>,
and show that this relation in particular implies the Ward identity

0;,(0| T AL () Py(y) |0) = —5i6(x — y)(0]g{Aa, Ms}q[0)

+ (0| Tq(=) ivs{m, Xa}q(z) P,(y) |0)
a=1,....8, b=0,....8

7. What is the Ward identity obeyed by the singlet axial current,
20| TA%(z) Py(y)[0) = 7



19. Expansion in powers of mg

e The xPT formulae for the expansion of many
quantities of physical interest in powers of my,,
mg, ms have been worked out to NNLO, not
only masses and decay constants, also form
factors, n = 3m, ............

e [ heoretical reasoning:
Pion physics: expansion in powers of my, my
works very well.

Physics of the strange particles: SU(3)v is an
approximate symmetry.

= Symmetry breaking parameter ms — myy
must be small, meaningful to expand in
powers of ms — m, .

Since my, myg <K ms

= mg Can be treated as a perturbation

= Expect expansion in powers of mg to work,
but convergence to be comparatively slow

el do not know of an alternative explanation of
the empirical fact that SU(3) is an approximate
symmetry.



19.1 Form of the effective Lagrangian

e If all three light quark masses vanish, the QCD
Lagrangian is invariant under SU(3)rxSU(3).

e The spontaneous breakdown to SU(3)v gener-
ates eight Nambu-Goldstone bosons:

70, K+ KO KO p

— Effective fields can be collected in U € SU(3)
U(x) = expin(x)
m(z) = M7t (@) + ... + A7 (@)

e Symmetry again fixes the leading term in L g:

F?2 H
£(2) = TO (D UDFUT Ut + U + 1—31)#91)“9

X=2Bo(s+ip), (X)=tr(X)

e U is now 3x3, x is 3x3, otherwise the form of
the Lagrangian is the same as for SU(2)rxSU(2).:

e Symmetry does not determine Fq, Bo, Hp



2
£(2) = %0 (D, UDFUT 4+ xUT + UxT) + %Dﬂewe

X=2DBo(s+ip), (X)=tr(X)
e Significance of Fp, Bg: leading terms in the

expansion of the decay constants and meson
masses in powers of the quark masses:

(Oluyuvysd|n™) = V2Fy p'{1 4+ O(m)}
(Olayuyss| K ) = vV2Fop!{1 + O(m)}
(0] dyuyss|KP) = V2F p*{1 + O(m)}
M2 = (my + mg)Bo + O(m?)
Mz _ = (my + ms)Bg + O(m?)
M2z = (mg+ ms)Bg + O(m?)

e [ he expansion includes mg
= Fp, Bg are independent of my, mg, ms

e In the effective theory built on SU(2)rxSU(2)L
ms IS NOt an expansion parameter

— F, B do depend on mg
Fo=F, o Bo = B|

ms—0



e Next-to-leading order:
L™ = L1(D,UD*UN2 4+ Lo(D,UD, U (DU DU
+ L3(D,UD*U'D,UD"U"Y + L4(D, UD*U (xU" 4+ Ux")
+ Ls(D UD*UT(xUT + Ux")) + Le (xUT + Ux')?
+ Lo (xU" = Ux")? + Ls (xUXU" + Ux'UX)
— iLo(FXD*UD"U' + FL,D*"UTDU) + L1o(FEnUF*-UT)
+ Hi(FR PR+ FL RSy + Ho (xx)
10 LEC + 2 CT: L1,...,Lio; H1, H>
= My, My, Ms, Fo, Bo, La, Ls, Lg, L7, Lg determine
Mo, Mo, Mgc+, Mo, Mo, My, Frs, Fro, Fic, Fio, Fo, Fyy to NLO
e compare SU(2)xSU(2):
7 LEC 4+ 3 CT: 441,...,07; hi,ho, h3
= my,my, F, B, {3,04,¢7 determine
Mys, Mo, Frs, Fro to NLO



19.2 Results for L4, Ls, Lg, Lg

m HPQCD 13
®m MILC 09
3 m PACS-CS 08 —3
T RBC/UKQCD 08
3 m MILC 06
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1 O L ® ® Kaiser 05
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Moussallam 00
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Numerical values shown refer to running scale p = M,
= For PACS-CS, only the statistical errors are indicated

e [ he crude estimates given in 1985 for the LEC
relevant at NLO are confirmed

e However: not all of the lattice data on the
quark mass dependence of My, My, Fr, Fc are
well described by the xPT formulae



e ms IS not very small, terms of order mg yield
Sizable corrections.

e Often, mgs is taken in the vicinity of the physical
value while m,, is significantly larger than the
physical value

— My, My are larger than the physical values,
may be beyond reach

e T he constants relevant at NNLO are still poorly
known. Often, theoretical estimates are used,
obtained by saturating sum rules with reso-
nance contributions. Those constants that gov-
ern the dependence on the quark masses, how-
ever, represent integrals over scalar spectral
functions. Scalar meson dominance does not
work!

— T heoretical estimates can at best indicate the
order of magnitude.

e [ he lattice approach is the ideal method for
the determination of the LEC |

e Please do not use 'theory’ for the LEC.



20. Zweig rule

e Concerns the role played by the sea quarks in
physical matrix elements.

Okubo 1963, Zweig 1964, lizuka 1966

e | eading low energy constants in the effective
Lagrangian of SU(2)xSU(2): F and B

2
{F,B,Z}z{Fw, Mz ,|<0|au|o>|}

My, + my

Moy, Mmg—0

e LOow energy theorem: >~ = F?B
exact, holds for any value of mg.

e Zweig rule: F and B are independent of mg.
e Fpy, Bg,2g: values for mg =0

e Paramagnetic inequalities: both F and
decrease if ms IS taken smaller

F > Fy, 2 > 29 Descotes-Genon, Girlanda & Stern 2000



e Behaviour if N, becomes large:
F, B,> become independent of mg if N — o0
F/Fp—1, B/Bp—1, X/>5—1

= The differences F/Fp—1, B/Bg—1, ~/3g—1
measure the violations of the Zweig rule

e Expansion to NLO involves the low energy
constants L, and Lg of the SU(3)xSU(3) La-
grangian:

8 M7
F/Fop=1+ 5 Lag—+ xlog+ ...
FO_
32M72
Z/ZO=1—|— L6—|—X|Og—|—...
0
16 M2
B/Bo=1+—5% (2L — Ls) + xlog + . ..
g
MIQ(EmsBO

= The LEC L4 and Lg measure the deviations
from the Zweig rule
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e The LEC appear to obey the Zweig-rule rea-
sonably well: the values for L4, Lg, 2Lg — Ly
are consistent with zero

e Lattice data leave much to be desired: only
two papers without red tags in FLAG review:
MILC (2009), HPQCD (2013).



e Inserting the lattice results for L4, Lg in the
NLO formulae of xPT, I get

F/Fy B/Bg > /30
MILC (2009) | 1.12(4) | 1.10(7) | 1.34(13)
HPQCD (2013) | 1.10(8) | 1.12(8) | 1.32(28)
GL (1985) 1.0(1) | 1.0(2) | 1.0(3)

— Evidence for small Zweig rule violations, con-

sistent with the crude old estimates.

The Zweig rule violations roughly amount
to a common change in scale:

FZZFO BZZBO

- X~ 735,

with  Z ~ 1.10(5)

e Paramagnetic inequalities of Descotes-Genon,
Girlanda & Stern are confirmed.




e MILC has evaluated the ratios to all orders in

7ry

F/Fy | B/Bg > /20
NLO 1.12(4) | 1.10(7) | 1.34(13)
all orders | 1.10(4) | 1.20(7) | 1.48(16)

For F/Fp, the corrections are small, but for
B/Bg, the central values of the terms of order
ms and m?2 (or higher) are of the same size . . .

— The Zweig rule deserves more attention !

e HPQCD instead evaluated the quark conden-
sates at the physical quark masses:

(0|ss |0)

oLl = 1.08(16)(1)

Confirms that SU(3) is a decent approximate
symmetry: the symmetry breaking generated
by ms —m,4 IS too small to stick out from the
noise of the calculation.



21. Quark mass ratios

21.1 Isospin breaking

e T he symmetry properties of the vacuum shield
the pions from isospin breaking:

The difference between m, and m, only gen-
erates a tiny effect of order

Mf+ — Mgo o (my — mg)2.
— The mass difference between 7% and =71 is due

almost exclusively to electromagnetism.

= More easy to determine the mean mass
Myq = 5(my+mg) than the difference my —my.

e Estimate the e.m. self-energies with the Dashen
theorem:

2 _ 2 2 _ 2 -
MK+ e.m._ M7T+ e.m. M 0 . MKO e.m._ 0

™le.m.



21.2 Quark mass ratios at leading order

e Solve the tree level mass formulae for the ratios

Mms/Myg and my,/my: Weinberg 1977
2 2 2
ms _ Mir ¥ Mo = Mav o
Mayd Mﬁo

2 2 2 2
mu _ My — Mo +2MZ, — MZ,
my Mzo— Mz, + M2,

e Low energy theorems, valid to leading order of
the chiral expansion.

Corrections from higher orders ? Could they
strongly modify the numerical result 7

What is the uncertainty to be attached to these
predictions 7



21.3 Lattice results for mg/m,

FTAG2013 Ms/Myq

our estimate for Ng=2+1

RBC/UKQCD 12
! PACS-CS 12

KO+ Laiho 11

BMW 10A

RBC/UKQCD 10A

H — Blum 10

——{+—— PACS-CS 09

MILC 09A

MILC 09

PACS-CS 08

RBC/UKQCD 08

MILC 04, HPQCD/MILC/UKQCD 04

2+1

N
|
® [lm]

our estimate for Ny =2

ETM 10B

RBC 07

ETM 07
QCDSF/UKQCD 06

?@H Q%@

N =2
[

—h— PDG 12
—e— Oller 07
@ { Narison 06
Kaiser 98
—— Leutwyler 96
[ Weinberg 77

22 24 26 28 30 32 34

pheno

lattice average quoted in FLAG 2013:

s — 27.46(15)(41)
Mayd

27.46 = 25.9 + 1.6
T T

leading order higher orders

— correction is small, leading term of chiral per-
turbation series dominates

accuracy reached: 1.6 %



21.4 mg/mg versus my/my
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e Most lattice calculations are done in pure QCD.

e For ms/m,g, this is a good approxiation, be-
cause the uncertainties in the violations of the
Dashen theorem do not strongly affect this ra-
tio.

e For my/my,, the situation is different. Lattice
simulations of QCD + QED cannot be done
with the same level of confidence as for QCD
alone: not all systematic errors are under con-
trol (quenched photons, finite size effects for
interactions of long range).



21.5 Low energy theorem valid to NLO

e The lattice result for ms/m,, determines the
size of the correction in the relation

Mf2<=ms+m“d{1—|-A }
M% My, + My M
Ms/myy = 27.540.4 = Ay = —0.057+0.013.

e Remarkably, chiral symmetry implies that the
correction of NLO in the ratio of mass split-
tings is the same:

2 2

{1 + Ay +O(M2)}

MIQ( — M2 Ms — My
Hence the quark mass ratio
2 2
Q2 — ms o mud
— 2 2
d u

IS given by a ratio of meson masses, up to
corrections of NNLO:
2 2 2

Q2= Mz — M .MK
2 2 2

MKO — MKJr Mz

{1 + O(./\/lz)} Gasser & L. 1985



21.6 Consequences for Q
e Insert Weinberg's leading order ratios
= Q = 24.3.
e Q2 is a ratio of quark mass squares

— a given value of Q imposes a homogeneous
quadratic constraint on my, mg, ms

= represents an ellipse in the plane of the quark
mass ratios:

/

L ® Weinberg 1977
— % = 27.5(4) FLAG 2013
ud

/
A\
/1

I
=

23

\

— Q=243

] \

10 110

115

5[ 15

00 0.1 0.2 0.3 0.4 0.5 m 0.6 0.7 0.8 0.9 10

|C

my

e Critical input here is the "Dashen theorem’ :
Weinberg’s estimates for the quark mass ratios
account for QED only to LO.



22. The decay n — 3=«

e The decay n — 3w provides a better handle
on Q than the mass splitting between Kt and
KO, because the e.m. interaction is suppressed
(Sutherland’s theorem).

e For e = 0 and mg = my, ISOSpin is conserved,
hence G-parity is conserved.

In this limit, the n is a stable particle:
Gn — 1, Gﬂ' = —1.

= Since the e.m. contributions are tiny, the tran-
sition amplitude is to a very good approxima-
tion proportional to (mqy — my).



22.1 Tree level

e Parameter free prediction for the leading term
of the chiral perturbation series:

4 ms — ™My d F,]%

Aln = mTa 70 = —

e Compare leading term in the chiral expansion
of the mm scattering amplitude:

2
s — M=

Al — 7m) = 72
7T

e In both cases, the leading term is linear in s
and contains an Adler zero
mw scattering n decay
SA = M% sS4 = %MQ
e [ he analytic structure of the two amplitudes
IS very similar.

e In both cases, the higher order contributions
of the chiral perturbation series are dominated
by the final state interaction among the pions.



22.2 One loop

e Most remarkable property of the one |loop rep-
resentation: expressed in terms of Fr, Fy, Mr,
Mg, My, Q, all LEC except L3z drop out.

Gasser & L. 1985

1 Mp(Mg — MZ)

A(n — 77 70) = —
(n ) 02 3V3MEE2

e Moreover, L3 concerns the momentum depen-
dence of the amplitude, can be determined
quite well from 7w scattering.

— At one loop, the result for the rate is of the
form

2 2
n—rTtaT T Q4 mg . m%

where C' is a known constant = () can be de-
termined from the observed rate.

e T he main problem is not the uncertainty in L3,
but the contributions from higher orders.

M(s,t,u)



e In 1985, we estimated the uncertainty in the
result for Q at

1
5 =(19+03)-103 « Q=229

Q2
Gasser & L. 1985

e The result is consistent with the value Q =
24.3 obtained from the kaon mass difference
with the Dashen theorem, but the uncertain-
ties are large.



22.3 Dispersion theory

e [ he structure of the decay amplitude is gov-
erned by the final state interaction.

Standard method for the analysis of this inter-
action: dispersion theory.

e Main difference to nw scattering: the subtrac-
tion constants relevant for n — 37 cannot be
predicted to the same precision.

e Can analyze wr scattering by treating only my,
and myg as small: SU(2)xSU(2)

e In n decay, need to treat ms as an expansion
parameter as well: SU(3)xSU(3)

e Only the occurrence of an Adler zero follows
from SU(2)xSU(2) symmetry alone.

e [ he subtraction constants can be estimated by
comparing the dispersive and chiral represen-
tations at small values of s, t or v and requiring
the occurrence of an Adler zero at the proper
place.



' 1 NLO
ReM
2 L
1 Lo

(N~

Adler A physical

zero e region
0

_— s ip units of M2

2 4 6 8
Anisovich & L. 1996

— Final state interaction amplifies the transition.

e Effect of the higher order contributions on the
result for ) is modest.

Q — 22.4:|:O.9 Kambor, Wiesendanger & Wyler 1996

Q =22.7+0.8 Anisovich & L. 1996

e Confirmed the one loop result, @ = 22.91'12.%,

uncertainty reduced by a factor of 2.



22.4 Recent work on n — 37

e In the meantime, the experimental situation
improved a lot: KLOE, MAMI, WASA.

e At low energies, the wn phase shifts are now
known to remarkable accuray:

Low energy precision experiments (E865, NA48S,
DIRACQC).

Low energy theorems for scattering lengths.
Dispersion theory (Roy equations).

e YP T has been worked out to NNLO.
Bijnens & Ghorbani 2007

e At the precision reached, isospin breaking needs
to be accounted for. Ditsche, Kubis & Meissner 2009

e Nonrelativistic effective theory.
Gullstrom, Kupsc & Rusetsky 2009
Schneider, Kubis & Ditsche 2011



e Improved dispersive analysis is under way

Colangelo, Lanz, L. & Passemar

e Preliminary results for the quark mass ratios
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e Intersection moves to values of my/mg and
ms/mg that are somewhat smaller than those
obtained with the LO mass formulae of Wein-
berg.
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<= mdecay + m/m , (preliminary)

m <= FLAG 13
s e PDG12
md PDG 11
e Kampfetal 11

Bijnens & Ghorbani 07
Nelson, Fleming & Kilcup 03
Gao, Yan & Li 97

— Kaiser 97
Leutwyler 96

O  Schechter et al. 93
Cline 89
e Gasser & Leutwyler 82

Langacker & Pagels 1979
e Weinberg 77
o Gasser & Leutwyler 1975

e The preliminary results for the ratio my/mg are
consistent with the lattice averages quoted by
FLAG, but tend to be somewhat smaller.



22. Conclusions for SU(3)xSU(3)

e Expansion in powers of ms appears to work:

In all cases I know, where the calculation is un-
der control, the truncation at low order yields
a decent approximation

— The picture looks coherent, also for SU(3)xSU(3)
® ms > my, my = higher orders more important

e For many observables d representation to NNLO

Bijnens and collaborators
e Main problem: new LEC relevant at NNLO

d estimates based on resonance models
Vector meson dominance ./

Dependence on my, mg, ms: ScCalar resonances
Scalar meson dominance !

e Lattice results now start providing more precise
values for the LEC, but the settling of dust is
a slow process . ..



23. QCD at nonzero temperature

e Most likely distribution of a given energy:
thermal equilibrium, characterized by T
H
e Partition function: Z = Tre T
23.1 Magnets
H=HO—/d3a;ﬁ-M
H : external magnetic field
M : magnetization

e Expectation value of magnetization:
(M) = — Tr{e_TM}
Z
o (M) is parallel to H

e Spontaneous magnetization:
(M) stays # 0 if H — 0

(M) Temperature
3 dependence of
spontaneous
| magnetization
symmetry symmetry
spontaneously broken restored

T



23.2 QCD

H = Hp + /d3:r;{muﬂu + mydd}

ST

e Partition function: Z = Tre

e Quark condensate at nonzero temperature:

(uu) = % Tr {e_% ﬂu}

e For T'— 0, (uu) tends to (O|uu |O)

[(wu)|
Temperature
dependence
of quark
3 condensate
symmetry . symmetry
spontaneously broken restored
T

e Symmetry relevant here: SU(2)rxSU(2)L

Symmetry is exact only for my,mgz — O



23.3 Partition function of QCD at low T

e Insert complete set of states H|n) = Ep|n)

_H _En
/Z = Tre T=Ze T
n

e Only states with Ej, ST contribute
At T = 0 only the vacuum survives, |n) = |0)

e At low T, the next most important contribu-
tion stems from the pions

e Pions of low energy behave like free particles,
only interact weakly

— At low energies, the partition function of QCD
describes a gas of free pions



23.4 Partition function of free Bose gas
Bose 1924, Einstein 1925
Complete set of one particle modes
Label the modes with £k =1,2,3,...

Example: box of size L x L x L, plane waves

L 27
p= f{klakzylﬁ}, kr € Z

k < {k1,ko, k3}

e bosons: n; = 0,1,2,... particles in each mode
fermions: np = 0 or 1

— Complete set of states for the entire gas:
|n> — |n17 na,.. >

e Energy in mode k: wy = \/m2 + 52
e Energy of the gas in such a state

En = Eog+ nqwi + nowo + ...
T vacuum energy



= e T><|;|

1eT

nZ = -7 — Zén(l — e_%)

) 3 . A3p — A3PV
e Number of states in A°p: (2r/0)3 — (27)3

This reproduces a general rule of statistical
mechanics: the volume element A3pA3:L’ of
phase space contains A3pA3z/h3 quantum states

E
0 _ /d3p€n(1 — e_T)

= Intd = —
" T (277)3




23.5 Melting of the condensate
e QCD with two Iight flavours: 3 NGBs

Eo /d3p£n(1 —e_T)—I—

n Z = —— -3
Qe = T (277)3

e Calculate the condensate from the partition

function

— = ——1r
T

0ZqQcD 3Tre_% 1 { _H 6H}
Omey, Omy,

H = Hy + /d?’:c{muﬁu + mydd}

— /d3xuu
amu

0/ H V H
QP — —?/d?’xTr{e_Tﬂu} = ——Tr{e_Tﬂu}

Omy,

vV o _
= —?(uu>ZQCD

T O¥¢n ZQCD
V 8mfu,




Eq V 3 _“p
tn Zocp = —29 _ 3 /d (1l — e T
n 4LQCD T (27r)3 p n( € )
e First term dominates at low T:
_ 1 0Fg :
(uu) = — + ... independent of T
Vamu
1 0F
=2 = (0]uu |0)
V Omy,
e Second term also depends on my, Vvia
wy= M2 +52  M2=(mu+mg)B+...
N Owgz _ B _ _<O|ﬂu|0>
Omy, Qwﬁ QwﬁFQ

_ _ 3 d3p 1
(uu) = (Ojuu |0) ¢ 1 — 167‘(‘3F2/

w—)
= p
wp (eT — ]_)
\

+ ...

= (uu) < (O|uwu |0) quark condensate melts



e Melting for massless quarks:
my,mqg—0 = M;z=0 = w~=|151
Bp 1 2r371°
7] (% _ 1) -3

= (wu) = (0]uu |0) {1 — T—2 + O(T4)}

First two terms in temperature expansion of
the quark condensate for my = mgy = 0. The

constant F' is the value of F; in this limit.
Binétruy & Gaillard 1985

[{u)|

symmetry symmetry
spontaneously broken restored




23.6 Pressure, energy density

_Fqco
e Free energy: Zqcp = e T

3VT “p
(27)3 /d3p€n(1 - e_Tp)—l—. ..

Free energy of noninteracting Bose gas
3 flavours: 7T_,7TO,7T+

Fqcop = Eo +

7] A7
e Massless pions: /d3p€n(1 — e_%) = —%T3
T 4 6
= FQCD = Fo — %VT —+ O(T )

OFqco _ m2, 4 6

o P = — = —T o(T ressure
QCD B 30 +O(T°) p
OP Y

o sqcp = - 2P — T 13 4 O(T5) entropy

or 15 density

2

euqcp =1Ts— P = 71T—OT4 + O(T6) energy density

— Leading terms in massless QCD are the same
as for black body radiation, except for a fac-
tor 3/2 (3 independent pion states of a given
momentum, 2 independent photon states)



23.7 Comparison: high temperature

e Asymptotic freedom = at high temperature,
QCD also represents a gas of free particles:
quarks, gluons

e High temperatures are beyond reach of yPT
Instead: perturbation theory in powers of oy

e Gas of free gluons: energy density, pressure,
differ from the expressions obtained for a gas

of free pions only by the factor 252

e Quarks are fermions, obey different statistics



e Partition function of free fermions

Eq niwi nowy
Z=Z e T Xe T xXe T

ni,no,...

_Eo w1 w2
Z=e T x(14+e T)x(14+e T)...
Eqg Wi

nZ = —% + %En(l + e_wTk)

Eq Vo ofa _wp
e tng = _0 /d (1 7
VT g
| F=E,— /d3 tn(l 4 e~ T
o~ oy [Ppin(L+eT)

Free energy of noninteracting fermions
wy = \/m? +

e Massless quarks: wy = |p]

7] 5
/d3p€n(1 -+ 6_%) = TLT:S
90
2

s 4
:>FquarkS:EO_322’Nf%T V



e Net result for energy density of QCD with Nf
massless quarks

High temperature:
2

Z
uQCD=7T—T4{8-2—|——-3-2-2-Nf}—|—...
30 1 3 A
gluons quarks

Low temperature:

UQCD = gT‘* : (NJ%TT— D+...
Nambu-Goldstone Bosons
e Contributions from other particles at low T:
~ e Mp/T ~ 0.006 for ~ 150MeV
e Probability to find a p is small, but:

many statistically independent states

— Already at T = 130 MeV, more energy is
stored in K,n,p... than in the pions



e Return to the quark condensate at low T
QCD with Nf massless quark flavours

- (WVF-1)712
12N; F?

(wu) = (O]uw |0) {1 + O(T4)}

e Term of order T* ? Very tedious to do the
calculation by hand, use the washing machine:

23.8 Chiral Perturbation Theory for T' # 0
e Standard procedure:

Path integral representation for the transition
amplitude in quantum mechanics

. . rt
<$/|€_ZtH|ZU> — /[D:c]ezfo dt'L
Integration extends over all paths z(¢) with
z(0) =z, z(t) =2

Path integral representation for the matrix
elements of e PH: continue analytically in t to

t= —if3
(@l PH|z) = [[Dage o L™



Partition function in this notation:

Tre PH = /dac(a:|e_BH|a:> with |5 =%

— Set 2/ = x and integrate over z

B eucl
Tre PH = /[D.:U]e_fo dt'L

Integration over all paths with z(3) = z(0)

Formula also holds for path integral repre-
sentation of QCD:

B eucl
Tre PH = N / [dG] e~Jo e[ PeLE qer p
as well as for the effective theory:

B 4133 eucl
Tr e—ﬁH — eff/[dU]e_fo dx fd a:ﬁeff {U,v,a,s,p,0}

Integration extends over all periodic fields:
U(z,8) =U(Z,0)

Vertices in the effective Lagrangian remain
the same: LEC and CT are independent of T



Massless quarks
e Consider QCD with Nf > 2 massless flavours
== NJ% — 1 massless Nambu-Goldstone-bosons

e YPT provides expansion in powers of T:

T2 T4
uw) = (Oluuw |0)1 —c1— — Co——
) = Ol [0) {1~ x5~ capg
7% A
—cC m—4< 1 o(T8
376 V7 + O( )}
N]% —1
Cl1 — Binétruy & Gaillard 1985
12Nf
NJ% —1
Co — 5 Gasser & L. 1987
288Nf
Nf(N]% —1)
C3 — 1728 Gerber & L. 1989

e Result is exact: the condensate of massless
QCD admits a Taylor series expansion in T.
The first few coefficients are determined by the
value of F; in massless QCD.

e At order T3, there is a chiral logarithm; the
scale thereof is fixed by the LEC of NLO.



D. Partition function of a free gas

S

/Z =Tre

e Insert complete set of states H|n) = En|n)
Complete set of one particle modes
Label the modes with £k =1,2,3,...

Example: box of size L x L x L, plane waves

L 27
p = f{kl,kz,kg}, kr € Z

k <> {k1,ko, k3}

e bosons: n; = 0,1,2,... particles in each mode
fermions: np = 0 or 1

— Complete set of states for the entire gas:
|n> — |n17 no, .. >

e Energy in mode k: wy = \/m2 + 52
e Energy of the gas in such a state

En = FEo+ nqwi + nowo + ...
f vacuum energy



IV. Some recent results

21. Masses of the light quarks

e YPT plays an important role in the analysis of
lattice data: describes the dependence of the
various observables on the quark masses and
on the size of the box in terms of a few LEC

FTAG2013 Mg
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ms(2GeV) =99 + 11 MeV  FLAG 2010
(preliminary)



Summary in FLAG 2013:

Ny Mud M Ms/Muyd
2F1  3.42(6)(7) 93.8(1.5)(1.9) 27.46(15)(41)
> 3.6(2) 101(3) 28.1(1.2)

Isospin breaking in the quark masses:

Nf MMy, my mu/md Q
211 2.16(11) 4.68(14)(7) 0.46(2)(2) 22.6(7)(6)
> 2.40(23) 4.80(23) 0.50(4) 24.3(1.4)(0.6)




Results for quark mass ratios

/
i
s

0 0.2 0.4 0.6 0.8 1
T T T T

Phenomenology Lattice
Ms — 07.8+1.0 Mu _ 0.474 + 0.040
mMayud md

FLAG 2010 (preliminary)

None of the lattice results is consistent with the " solu-
tion” m, = 0 of the strong CP problem
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22. Vys and V4

e Experimental sources for Vs and V, :

superallowed nuclear g transitions 1V,

K — mwly | f4(0) Vas|
™ — v, T — TV \Va Frl
K—)fl/,T—)KV |Vu3FK|
inclusive 7 decays | Vus|

e Vector current relevant for nuclear 8 decay is
conserved modulo my — my

= analog of f1(0) is very close to unity

|Vud| = 0.974254+0.00022 Hardy + Towner 2009

e Can determine Vys from K — wfév only if f1(0)
IS known. Early determinations were based on
xP T prediction for that

e L attice calculations now provide reliable and
precise determination of fi(0) = |Vus|

e Results for Fr, Fxr do not yet reach sufficient
precision, but those for the ratio Fy/Fr do

V, MK /
— % can be determined from (K — tv)
Vaud (m — fv)

— can test the Standard Model:

?
|Vud|2 + |Vus|2 + |Vub|2 =1
|V,5| known well enough, contribution is tiny




e Testing the Standard Model with the lattice
data alone

V|2 = |Voul? + [Vius|2 + |Vip|2 = 1.002 4 0.016

e L attice results for V,,; are consistent with the
value obtained from nuclear g-decay

— Test sharpens if the two are combined:

[Vu|?=1.0000 £ 0.0007  f4(0) + V4

Vu|?=0.9999 + 0.0007 Fy/Fr+ V,y

i i
Lattice (B-decay

— Can impose |Vy,|2 = 1 as a constraint (SM)

| Vs | | Vid| f+(0) fr/ fr
Lattice | 0.225(2) | 0.9743(4) | 0.960(8) | 1.193(11)

B decay | 0.225(1) | 0.9743(2) | 0.960(5) | 1.192(6)

FLAG review 2010 (preliminary)



Data on |Vys| and |V, 4| analyzed within the SM:
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e Direct determination of |Vys| from 7 decay:

Sort out the final states in the inclusive decay
T — v + hadrons:

=TI (r — v + strange hadrons) + rest
First term dominated by |Viys|?, rest by |V, |2

Gamiz, Jamin, Pich, Prades, Schwab
Maltman, Wolfe, Banerjee, Nugent, Roney



23. Puzzling results on K; — muv

e Hadronic matrix element of weak current:
(KOayHs|m ™) = (prtpe) o () +(pr—pr)*f— ()

e Scalar form factor ~ (K°|9,,(ay*s)|n™)

t
fo(t) = f+(t) + f=(t)
M2 — M2
e Low energy theorem Callan & Treiman 1966

fO(MIQ( — M%) = i,—K {1 + O(mu,md)} ~ 1.19

T

f0(0) = f4+(0) ~ 0.96 relevant for
determination of Vs



e Comparison with experiment

1.3 — —
Callan-Treiman
1.25 — \l —

% physical region —>
" l 1 1 1 l 1 1 11 1 l 1 1 1 1 l

i 1 1 1 1 1 1 ll 1
0 0.05 0.1 0.15 0.2 T 0.25
2
t (GeV") M; - M
T

NA48, Phys. Lett. B647 (2007) 341 (141 authors, 2.3 x 10° events)

Plot shows normalized scalar form factor

- fo(t)
fo(t) =
fo(0)
CT relation in this normalization:
_ F
Fo(MZ—M2) = —8 _ —=12446+0.0041

Fﬂf—|—(0)

Bernard and Passemar 2008



e Implications

NA48 data on K; — wuvr disagree with SM
If confirmed, the implications are dramatic:

= W couples also to right-handed currents
Bernard, Oertel, Passemar, Stern 2006

There are not many places where the SM dis-
agrees with observation, need to
investigate these carefully

At low energies, high precision is required



e New data from KLOE

13 i
1.25 [ . . . . N
Prediction (xPT + dispersion theory) ®
12 | !
fo(t) 115
11+
1.05 - |
1.0 66 , ) | —
i« physical region ——!
ll 1 1 1 l 1 1 1 1 l 1 1 ll 1 l 1 1 1 1 l 1 1 ll 1
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2
t (GeV") Mg - M2

I thank Emilie Passemar for some of the material shown in this

figure



e History of the issue: data on the slope of the
scalar form factor

fo(®) = fo(0) {14+ Aot + Xpt* + O)}

5 10 15 20 25 30 40 50 60
T T T Tt T T [ [ [ [
Standard Model prediction of
H Bernard, Oertel, Passemar & Stern
o KLOE 2007 (K)
[ NA48 2007 (K))
= = PDG 2007 (K,)
e PDG 2007 (K,)
= _al Jamin, Oller & Pich 2004
= = KTeV 2004 (K|)
fit2
o fit1 ISTRA 2004 (K,)
——@—— PDG 2004 (K))
[E— — Gasser & L. 1985
} @ | Birulev 1981 (K))
; ® | Cho 1980 (K))
| ° | Hill1979 (K)
} o | Clark 1977 (K)
I L | Buchanan 1975 (K))
——@—— Donaldson et al. 1974 (K))
PR T T AT IR N N | | | |
5 10 15 20 25 30 40 50 60

A, in units of 107

M—2
T




24. Concluding remarks

e [ hese lectures focused on the low energy prop-
erties of the sector with zero baryon number:

Np = £(Nu+ Ng+ Ns+ N.+ N, + N) = 0.
Moreover, only states with No = Ny = Ny = O
were discussed.

e [ here is considerable progress in extending
xPT to the sector with Ng = 1, as well as
to nuclei, where Np =2,3...

e Effective theory for heavy quark bound states
e Mesons with a heavy and a light quark

e Extension from QCD to QCD + QED



e Combine yPT with dispersion theory

Example: form factors relevant for K — wlv

fo@®) = fo(@) {1+ xot+ 2522+ ...}
xPT: Ao <> NLO, Aj <> NNLO
Dispersion theory implies very strong

correlation between A\g and \j

Abbas, Ananthanarayan, Caprini, Imsong 2010

e Dispersive analysis of nm and wK scattering,
n— 3T, ...
If time permits, I can explain how dispersion theory can be used to

extend the xPT result for the mw scattering lengths to a
model-independent prediction for mass and width of the o meson



