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Issues:

Motivatedby thework of Rozowsky andThorn, PRL85, 1614
(2000).
Canoneachieve SpontaneousSymmetryBreaking(SSB)
withoutzeromomentummodeandwith a finite Fockbasis?
(SSBcannotoccurin a systemwith finite degreesof Freedom)
Canonecalculatethemassandotherpropertiesof thekink in a
finite Fockbasis?
(In variationalcalculations,kink canbeapproximatedby
coherentstates)
Canoneinvestigatethestructureof low lying statesin the
spectrumatstrongcouplingin theFock language?
(Canonelook for signaturesof theonsetof kink condensation
which is believedto bethemechanismfor symmetryrestoring
phasetransition?)
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Light Front (Cone)Quantization (1+1dimensions)
Dirac,RMP(1949)
x� = x0 � x3 x+ “ time ”, x� longitudinalcoordinate
x2 = x+ x� [x2 = (x0)2 � (x1)2]
k:x = 1

2k+ x� + 1
2k� x+

Onmassshellparticlek2 = m2 ! energy k� = m2

k+

nosquareroot
longitudinalmomentumk+ � 0
Longitudinalboostbecomesscaletransformation.Thusboost
becomeskinematical(non-relativistic).
In a relativistic theory, internalmotionandthemotionassociated
with centerof masscanbetrivially separated.

We startseeingthe“ remarkablynon-relativistic characterof the
extremerelativistic limit ” (Bjorken)
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DiscreteLight ConeQuantization (DLCQ)

DLCQ asa practicalapproachto solveQuantumField
Theory
H.-C.Pauli andS.J.Brodsky, Phys. Rev. D 32, 1993,
2001(1985)
Also
C. B. Thorn, Phys. Rev. D 17, 1073(1978)
T. MaskawaandK. Yamawaki, Prog.Theo.Phys. 56,
270(1976)
A. Casher, Phys. Rev. D 14, 452(1976)
Exploit thesemi-positivedefinitenessof longitudinal
momentum.
Compactifyx� : � L � x� � + L.
With Anti PeriodicBoundarycondition(APBC),
k+ ! k+

n = np
L ; n = 1;3;5; : : :
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Two Dimensionalf 4
2 theory

Lagrangiandensity
L = 1

2¶mf ¶mf + 1
2m2f 2 � l

4! f
4.

TheHamiltoniandensity
P � = � 1

2m2f 2 + l
4! f

4.
definestheHamiltonian
P� =

R
dx� P � � L

2p H
whereL definesourcompactdomain
� L � x� � + L.
Thelongitudinalmomentumoperatoris
P+ = 1

2

R+ L
� L dx� ¶+ f ¶+ f � 2p

L K
whereK is thedimensionlesslongitudinalmomentum
operator.
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In DLCQ with Anti PeriodicBoundaryCondition,the
field expansionhastheform

f (x� ) = 1p
4p å n

1p
n

h
ane� i np

L x�
+ a†

nei np
L x�

i
.

Heren = 1
2; 3

2; : : : :
(No zeromomentummode.)
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DLCQ Hamiltonian

ThenormalorderedHamiltonian

H = � m2å n
1
na†

nan +
l
4p å k� l ;m� n

1
N2

kl

1
N2

mn

1p
klmn

a†
ka†

l anamdk+ l ;m+ n +

l
4p å k;l � m� n

1
N2

lmn

1p
klmn

h
a†

kalaman + a†
na†

ma†
l ak

i
dk;l+ m+ n

with
Nlmn = 1; l 6= m6= n,

=
p

2!; l = m6= n; l 6= m= n,
=

p
3!; l = m= n,

Nkl = 1; k 6= l ,
=

p
2!; k = l .

(Simpleststructurefor theHamiltonian.)
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Diagonalization

TheLanczosmethodis usedin ahighly scalable
algorithmallowing usto proceedto sufficiently high
valuesof K. All resultspresentedherewereobtainedon
clustersof computers(< 30processors)usingtheMany
FermionDynamics(MFD) codeadaptedto bosons
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oddsector evensector
K dimension K dimension

15.5 295 16 336
31.5 12,839 32 14,219
39.5 61,316 40 67,243
44.5 151,518 45 165,498
49.5 358,000 50 389,253
54.5 813,177 55 880,962

60 1,928,175

Dimensionalityof theHamiltonian.
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SpontaneousSymmetryBreaking:
Hamiltonianexhibits thef ! � f symmetry:
Evenandoddparticlesectorsaredecoupled.In theabsenceof
interaction(tachyonic theory),lowestexcitationsin theoddand
evenparticlesectorsconsistof themaximumnumberof particles
carryingthelowestallowedmomentum!
systemis unstablein thecontinuumlimit .
f 4 interactionprovidesstability to thesystem.Thus,the
possibilityarisesthatexcitationsin theevenandoddparticle
sectorsbecomedegenerate.(Rozowsky andThorn)
Signalfor SSB:look for degeneracy betweenevenandoddsectors.

Denotethelowestexcitationsin theevenandoddsectorsby j ei
andj oi . Formthelinearcombinations,
j � a i = j ei� j oi .
Now it becomespossiblefor h� a j f j � a i to benon-zero.
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Extractionof Kink Mass:
All thelow-lying stateshavenegative eigenvalues!
How to extracttheparticlemasses?
CoherentStateVariationalCalculation(CSVC)(Rozowsky and
Thorn) shows how to: Fit thedatafor theeigenvalueof H to the
form
C1 + C2=K.

Accordingto CSVC,C1 is thevacuumenergy densityandC1=2
2 is

thekink mass.

l vacuumenergy solitonmass

class. DLCQ class. semi-class. DLCQ

1.0 -18.85 -18.73� 0:05 5.66 5.19 5.3� 0:2
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Numberdensityfor thekink state
c (x) = hja†(x)a(x) ji x = n

K
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ExcitedStates:

In thesemi-classicalanalysis,theloweststates,in orderof
excitation,arekink, excitedkink, kink plusboson,andthe
continuumstates.
Kink stateyieldsa characteristicpartondistribution whichpeaks
at thelowestmomentummodeavailable.

Thenext excitationis anexcitedkink for whichalsoweexpect
and�nd asmoothdistribution functionwhich in additionto the
sharppeakat lowestallowedmomentumexhibitsa broadand
smoothpeak.

Thethird andhigherexcitationsareexpectedto bekink plus
bosonstates.For a freekink plusbosonstate,we expectthe
minimumenergy con�gurationwith xboson= mboson

mkink+ mboson
.
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NumberDensityof ExcitedStates
a) c versusn, thehalf-oddintegerrepresentinglight front momentumwith
APBC,for thelowestnineexcitationsfor K = 50; l = 1. (b) Sameasin (a)
but showing theregion from n = 6 to 18 in detail.

(a) (b)
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Fourier Transform of the Kink Form Factor

Whatis theobservablein quantumfield theorythatis
relatedto theclassicalkink solution?
Accordingto GoldstoneandJackiw, theFourier
transformof theform factorof thelowestexcitation,in
theweakcoupling(static)limit, correspondsto the
classicalkink solution.Let j Ki andj K0i denotethis
statewith momentaK andK0. In thecontinuumtheory,

R+ ¥
� ¥ dq+ expf� i

2q+ aghK0j f (x� ) j Ki = f c(x� � a):

In DLCQ, wediagonalizetheHamiltonianfor a given
K = L

2p P+ . For thecomputationof theform factor, we
needthesamestateatdifferentK valuessince
K0= K + q.
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Extractionof thecondensatehj f ji :
How is thesymmetrybreakdown communicatedto asystemin
theInfinite MomentumFrameif thevacuumandthesystem
becomedecoupled?
“Thus,however fastyourun, youcan't outrunthelongarmof
thevacuum”
KogutandSusskind, PR8, 75 (1973).
In ourcalculations,we haven't botheredaboutthevacuumstate
atall.
However, wecanextractthevalueof thevacuumcondensate.
Drawing on theconnectionbetweentheclassicalkink solution
andtheFourierTransformof thekink form factor(kink pro�le),
weextracthj f ji astheasymptotic(x� = � 1 in unitsof L)
intercept.For l = 1:0, theinterceptis 2.4which is verycloseto
theclassicalvalue.
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Transition in the spectrumat strongcoupling

At weakcoupling,thevaluesof observablesextracted
arecloseto classicalor semi-classicalresults.As we
increasethecoupling,weobservedrasticdeparture
from semi-classicalresults.Thelowesttwo energy
levelscrosseachother.
To gain furtherunderstandingof thenatureof levels
thatcross,weexaminethebehaviour of two other
observables:
1) hj

R
dx� : f 2(x� ) :ji

2) Thenumberdensity
3) FourierTransformof theform factor.
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Mass2 gapasa functionof l for K=55. All calculated
resultsareconnectedby straightline segmentsto guide
theeye.
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Mass-squaredgapsfor K = 60.
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h1 j f 2 j 1i (shorthandnotationfor theexpectationvalueof the
integral of thenormalorderedf 2 operator)asa functionof l
andselectedK values.For comparisonwehave alsoshown

f 2
classical= 6m2

l with m2 = 1.
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hj f 2 ji asa functionof l for K=55for thelowesttwo excitations.
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hj f 2 ji asa functionof l for K=55for thelowest®veexcitations.Thepattern
of transitionscorrespondto 5 statesfalling with increasingl andcrossingthe
5 loweststates,thusreplacingthemandbecomingthenew 5 loweststates.At
selectedvaluesof l , thecharacterof theloweststatesis indicatedon the
figurewith thetop level of eachcolumnsignifying thenatureof thelowest
state.Successive excitedstatesaresigni®edby thelabelsproceedingdown
thecolumn.Theletter`K" represents̀kink" while `KAK" represents
`kink-antikink-kink".
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(a) c versusn, thehalf-oddintegerrepresentinglight front momentumwith
APBC,for thelowestfour excitationsfor K = 55; l = 5. (b)
Kink-antikink-kink partondensityin unconstrainedvariationalcalculationfor
l =5. (a) (b)

Topologicalsectorof two dimensionalf 4 theoryin DiscreteLight ConeQuantization– p. 26/30



Kink-antikink-kink Pro�les

FourierTransformof theform factorof thelowestexcitationat
l =5, K = 32. Thefigure legendindicatesthenumberof
adjoiningmomentumtransferterms(sets)includedin the
summation.
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Critical Coupling:
Critical couplingfor level crossingasa functionof 1

K , andanindicationof the
critical couplingin thecontinuumlimit
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PhysicalImplicationof theTransition:
In thetwo-dimensionalIsingmodel,physicalmechanismfor the
symmetryrestoringphasetransitionis thephenomenaof kink
condensation.
It is known thatat strongcoupling,thef 4

2 theoryundergoesa
symmetryrestoringphasetransition.
We havedemonstratedthatin this theory, at strongcoupling,it is
energeticallyfavourablefor a dominantlykink-antikink-kink
con�gurationto bethelowestexcitationratherthanakink
con�guration.
At still highercouplingwe haveobservedadditionallevel
crossingsfor theloweststatefor bothPBCandAPBC.
In thelight of all ourobservations,we interprettheobserved
level crossingpresentedhereastheonsetof kink condensation
which leadsto therestorationof symmetry.
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Summary
ê Ab initio resultsfor kink massandotherobservables:

numberdensity, FourierTransformof theform factor,
vacuumcondensate(without thevacuumstate).

ê Signalsfor a transitionin thespectrumof lowestexcitations.

ê Physicalimplication±
Onsetof kink condensation?

ê We havegivenonemoredemonstrationof theutility of light
front Hamiltonianapproachto QuantumFieldTheory.
(Mesonandglueballspectrain transverselatticeQCD,
SupersymmetricDLCQ, etcetc.)
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