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ABSTRACT:

The d-KdV equation of our present concern arises in theoretical description of the nonlinear acoustic mode of transonic plasma of assumed finite extension. The transonic transition regime of plasma ion flow motion is self-consistently set up by space charge acceleration of the ions. Many times, researchers produce ion streams outside and then inject into the plasma. This situation of ion streaming in a background plasma differs from our case, where background plasma is itself drifting with ion fluid flow motion even without any external ion beam in the background plasma system.  In fact, in transonic plasma layer even weak but finite electron inertia exhibits unique ability of facilitating linear resonant growth of the plasma sound wave. This is a new addition to the list of already known physical mechanisms that destabilize the plasma sound modes in general. Our theory of acoustic excitation mechanism differs from the others due to perturbation treatment of the electron dynamics under the asymptotically zero limit of electron to ion mass ratio.  

The aforesaid d-KdV equation is arrived at under the approximation of transient time action of linear resonant growth. The transient time may be defined to be of the order of the transit time of KdV soliton to traverse over its own width. Then the transient time action of the linear instability may be justifiable if it is quite small than the linear growth time. Thus the internal spectral components of the usual soliton (without linear source) may suffer linear order changes due to resonant growth. Numerical solution of the derived d-KdV equation predicts the possibility of oscillatory shock-like solution in addition to the usual soliton solution.  Motivated by the search for an explicit analytical solution of the derived d-KdV equation, we first applied a systematic mathematical method to test its integrability.  The d-KdV equation is indeed found to be analytically integrable and solvable as it passes the Painleve test. We applied a few known mathematical tools-like sine-cosine method and perturbation technique to find out its analytical solutions. 

In this presentation, we will discuss the nature of approximate solutions obtained by the above-mentioned techniques in presence of equilibrium plasma flow. We are, in fact, able to find out the approximate analytical solutions in the form of Fourier-like linear superposition of nonlinear normal modes, i.e., soliton and shock. However, the main feature of the oscillatory shock-like solution as obtained in numerical solutions i.e. oscillation, is absent. This leaves a further scope of theoretical research in the subject of nonlinear acoustic wave dynamics and turbulence in transonic regime of plasma flow motions. It may be useful to understand the burning issue of plasma sheath-edge singularity problem and aerodynamical designing of supersonic/ hypersonic space vehicles as well.

PHYSICAL BACKGROUND OF d-KdV EQUATION:
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Transient behavior of IA wave in transonic plasmas and integrable dynamical system. It is an integrable dynamical system as it satisfies Painleve property. Flows are included in the complex response coefficients.
A) HIROTA’S BILINEAR TRNASFORMATION METHOD: 
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By the first order analysis (wrt () in the above mathematical method, we get the solution of the d-KdV equation (6) for one soliton system as follows,                                 
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By well-known expansion formulae of circular and hyperbolic functions, this solution can be written in the following expanded form:
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A) Modified sine-Gordon method: 
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Where parts of the complex argument are 

Now solution (4) can be simplified in transient limit of 
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B) MODIFIED SINE-GORDON METHOD:

We express the traveling wave solution of d-KdV equation as follows.
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Equating the co-effecients of like terms in (1), we get

Constant
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Solving all these equations for an arbitrary choice of B1 =0 and B2 =0, we arrive at the following approximate values of the unknown coefficients.
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After re-scalings with 
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, the solution (9) can be written in the scaled out form as follows:
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Where 
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C) PERTURBATION TECHNIQUE:

To apply the perturbative technique, first of all, new transformations in terms of fast co-ordinate 
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. Now, for quasi-stationary character, we assume that the usual potential function is of the form, 
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is the leading order solution (usual soliton) of the d-KdV in absence of linear growth term, that is treated as perturbation. Then, these results on being substituted on the d-KdV equation, order-by-order analyses are performed and integrated to have the desired analytical results. Our d-KdV equation (1) can now be written as,
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Now equating the co-effecients of 
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to zero from both sides of equation (11) respectively, we get the following equations,
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The solution of equation (12) is the leading order unperturbed solution of equation (1), which is a usual soliton having amplitude-width relationship as 
[image: image45.wmf]0

2

6

M

w

A

=

´

given by,


[image: image46.wmf]÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

=

h

f

0

2

0

0

0

2

1

sec

3

K

h

M

K

                                                                          (14)

Now since we are interested in quasi-stationary solutions, a new slow variable 
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[image: image48.wmf]2

0

0

4

3

a

M

K

=

, that is, 
[image: image49.wmf]0

0

4

3

M

K

a

=

. Then from the equation (14), one gets


[image: image50.wmf][

]

h

t

t

h

f

0

0

0

2

u

u

a

a

+

=

                                                                                    (15)

Under the assumption that equation (13) should be free from secular terms and for solutions quasi-stationary in nature, we equate the integration results of the RHS to zero to yield 
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Applying well-known method of separation of variables, the solution of the equation (12) as a perturbation over usual soliton can be written as,
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Thus the total solution 
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 of the equation (6) as a superposition of the leading order solution and the perturbation over it by perturbative technique as discussed above, can be written as,
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The solution (14) can be put into a compact expression as follows:
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Where 
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It is again obvious from the equation (19), in conformity with the equation (16), that there is a linear superposition of both shock (tanh)-like and soliton (sech2)-ic solutions over some pre-existing DC background formed by the self-interaction of identical spectral components of ion acoustic wave fluctuations in transonic plasma.

RESULTS AND DISCUSIONS:
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Fig 1. Solitonic symmetric structures obtained by Hirota, sine-Gordon and Perturbative techniques for 
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Fig 2. Shock-like asymmetric structures obtained by Hirota, sine-Gordon and Perturbative techniques for 
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1. Two disctinct classes of analytical solutions are obtained- shock and soliton.

2. Solutions are method dependent with identical average characteristics features. This may be attributed to the underlying approximations of the applied mathematical tools.

3. New scope to explore for new mathematical methods for the requirements of oscillations to be reproduced in the obtained analytical findings relative to earlier numerical results.

CONCLUSIONS:

1. Analytical supports to our numerical prediction of structural transformation of the traveling nonlinear ion acoustic waves in transonic plasma equilibrium of desired quality.

2. This kind of theoretical scenario of transonic plasmas offers a unique scope of acoustic spectroscopy to describe the internal state of transonic equilibrium of plasma flows, if it exists at all. 

3. These calculations may have potential applications in thorough study of the ion acoustic wave turbulence related with aerodynamics, solar wind and space plasmas, fusion plasmas of future generation, industrial plasmas and plasma flows in astrophysical context, etc.

FUTURE SCOPE: 
1. Study of basic turbulence theory, 2. Developments of existing mathematical tools, and 3. Application in acoustic spectroscopy.
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