Statistical Mechanics : Problem set-II
by P. K. Mohanty (Date :07-09-07)

Due date : 21-09-07

. Corrections :
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where M,, are the moments. The above equation, in fact, define the cu-
mulates K,,. Now let us define x,, = ((§ — M1)™). We have shown in the
class, K1 = My, Ky = x2. Show that, K3 = x3 and K4 = x4 — 3x3

. Simple Distribution : Find M, x, and K, of a square distribution
defined by
P(z) =0 for |z| > a and P(z) = & for |z| < a.

. First order phase transition : In a first order phase transition, two
phases (the ordered and the dis-ordered) co-exist at the transition point.
The distribution of energy may be written as,

P(E) = c6(E — Eo) + (1 — ¢)0(E — Eq),

where E, and E; are energy of the ordered and the disordered phase re-
spectively and 0 < ¢ < 1 is a measure of order. Note that the system is
completely ordered (disordered) when ¢ = 1 (¢ = 0). Show that near tran-
sition (when c or (1 — ¢) is small), the Fourth order cumulant is positive.
(Hint : show that 3[(742 = m —-2)).)
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. Harmonic oscillator : A harmonic oscillator with levels hv (n = 0,1,2...)
has in thermal equilibrium the probability

P, = (1 - 7)’}/”’) (1)

to be in level n, where v = e~ "*/¥2T Find the moments and cumulants
of this distribution.

. Generating Function (again): The generating function for any given
distribution P(z) is defined by F(z) = (z%).

(a) What is F(z) for Eq. (1) ?

(b) Can you find out P(x) is F(z) is given ?

(c) What is P(z) for F(z) = —
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. Fractal Dimension : Start with a n-polygon with side a. Divide each
line segment into three equal parts, remove the middle and raise a new
n-polygon with side same as the removed segment. Repeat this process to
generate a fractal. What is the fractal dimension d of this object 7 Show
that area bounded by this object diverges when d = 2.
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Stochastic fractals : Let’s take the example of square (4-polygon). In-
stead of raising a square in each step, now sometimes you draw it out
wards (with probability p) and sometimes in wards ( prob 1 — p). You
would generate a figure whose area A (after co steps) is a random variable.
What is the average area ? Can you guess (you do not have to calculate)
what is the distribution P(A) ?

Scale Invariance : A mathematical statement of scale invariance is f(A\x)
= constant f(z). (Thus, fractals are scale invariant). Show that f(x)
necessarily has the form f(z) ~ z©.

Uniform distribution: Let £ be a random number distributed uni-
formly in [0, 1].

(a) Draw n random numbers from a uniform distribution in [0, 1]. What is
the probability that n numbers drawn from this distribution are all larger
than y ?

(b) How is n = &1 + & distributed ?

(c) What is the distribution of xy = &1& ?

(d) What function of ¢ is distributed exponentially ?

Independent variables ? : x and y are random variables defined in
(0,1). The joint probability distribution is P(z,y) = N (y? — 2?) when
y < x or otherwise P(x,y) = 0. Here N is the normalization constant
(calculate it). What are P(z), P(y) and P(x|y) and P(y|z). Are x and y
independent variables 7 If not, what is the correlation between them 7

Probability transformation: Let 7, and 72 are the random variables
drawn from the same distribution, say P, (). Show that two new random
variables £ = an + b and x = cm1 + dne are independent if the vectors
(a,b) and (¢, d) are orthogonal.



