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Content 
• Empirical 

• JAPAN

• National Tax Agency JAPAN (http://www.nta.go.jp/category/english/index.html)

• Results of the Statistical Survey of Actual Status for Salary in 
the Private Sector

• Employment income earners who worked for less than a year

• Employment income earners who worked throughout a year

• Results of Sample Survey for Self-assessed Income Tax

• Top Taxpayers (high frequency data)

• US

• Statistics of Income Database of the Internal Revenue Service

• Modeling
• Income ≈ Employment income + Income from assets
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α : Pareto index
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U
Kuznets’s inverted U-shaped ?
This postulates that in the early stage of
modern economic growth both a country’s 
economic growth and its income inequality 
rises, and Gini coefficient become large. For 
developed countries income inequality shows 
a tendency of narrowing, and the Gini 
coefficient becomes small
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Figure 5: Fluctuations of α (top) and β (bottom)
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• Income normalized by average

• Stationary distribution

• Middle income range

• Boltzmann, exponential, log-normal

• Income source: employment (labor) income

• High income range (top taxpayers)

• Power law distribution

• Income source: ?
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• Income source in high income rage

• Employment income (Labor income)

• Income from assets

• Income = Employment income 

+ Income from assets



Model
• Income = Employment income + Income from assets

• Employment income process

u = 1.0422

v = 1.0673

wi(t + 1) = uwi(t) + sεiw(t)

wi(t) > w(t)

w(t) = vw(t − 1)

εi = N(0, 1)

Employment income

Reflective lower bound:
subsistence level of income

We use an average 
inflation rate for the 
period 1961--1999, Time average growth rate of 

the nominal income per capita

   determines the level of 
income for the middle class
s

s = 0.32We choose
to fit the middle part of 
the empirical distribution            

The trend growth rate of 
employment income,     , 
reflects an automatic 
growth in nominal wage.

u

i = 1 ∼ N
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Figure 8: Distribution of individual income growth rate for top Japanese taxpayers

place, and thus only use the range 1/3 < I1998/I1997 < 3 to estimate the log-

variance. In order to eliminate the upper bias due to the censoring of the data

at 10 million yen, we use the sample only if the 1997 income tax is greater than

30 million yen. The estimated x is 0.3122.

The log-mean of the asset growth y cannot be estimated by the same growth

rate data, since 1997 was not a typical year in financial markets and the average

growth rate was negative. In general, asset markets suffer considerable aggregate

shocks across years. Thus we estimate y by using a time-average growth rate of

Nikkei average index. The Nikkei grew by 5.95% in average over 1961–1999.

Hence the log-mean is derived from the formula of log-normal mean as y =

0.0595− x2/2.

25

ai(t + 1) = γi(t)ai(t) + wi(t) − ci(t)

ln γ = N(y, x2)

• Assets acumulation process

Assets

We assume that the log return follows 
a normal distribution

x = 0.3122

The log-variance of the asset return 
is estimated from top taxpayers data

1

3
<

T1998

T1997

< 3

ci(t) = w(t) + b

{
ai(t) + wi(t) − w(t)

}Consumption

Subsistence income determines the minimum 
level of consumption

b = 0.059                  is chosen from the empirical 
range (0.05--0.1) estimated from Japanese 
micro data in 1990s by Hori et al. (2003)

growth rate

The log-mean of thee assets growth     cannot 
be estimated by the same growth rate data, 
since 1997 was not a typical year.

y

We estimate    by using a time-average growth 
rate of Nikkei average index, that is 0.0595 in 
average over 1961--1999.

y

y = 0.0595 −

x
2

2
≈ 0.01



• Income

• Normalized income

• Pareto index in the steady state

Ĩi(t) = wi(t) + E[γi(t) − 1]ai(t)

Ii(t) =
Ĩi(t)

E

[
Ĩi(t)

]

z ≡ lim
t→∞

w(t) − c(t)

〈a(t)〉

〈a(t)〉 : averaged assets

g ≡ lim
t→∞

g(t)

g(t) : growth rate of 〈a(t)〉

steady state value

steady state value

α ≈ 1 +
2z

gx2

gx
2
∼ 2z
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tabulated data

asset (household)

t=100 ( w / I
total

 = 0.677, Gini=0.304 )

t=200 ( w / I
total

 = 0.672, Gini=0.309 )

t=300 ( w / I
total

 = 0.677, Gini=0.304 )

t=400 ( w / I
total

 = 0.675, Gini=0.308 )

t=500 ( w / I
total

 = 0.675, Gini=0.307 )

Simulation Result

Income and assets are normalized by mean income

1999

N = 100, 000
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Parameter Sensitivity
wi(t + 1) = uwi(t) + sεiw(t)

ai(t + 1) = γi(t)ai(t) + wi(t) − ci(t)

ln γ = N(y, x2)

ci(t) = w(t) + b

{
ai(t) + wi(t) − w(t)

}



Parameter Sensitivity

10
-1

10
0

10
1

10
2

10
3

10
4

Normalized Income

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

C
u
m

u
la

ti
v

e 
p
ro

b
ab

il
it

y

top taxpayer list

tabulated data
s=0.22, Gini=0.247

s=0.32, Gini=0.307

s=0.42, Gini=0.343

wi(t + 1) = uwi(t) + sεiw(t)

ai(t + 1) = γi(t)ai(t) + wi(t) − ci(t)

ln γ = N(y, x2)

ci(t) = w(t) + b

{
ai(t) + wi(t) − w(t)

}



Parameter Sensitivity

10
-1

10
0

10
1

10
2

10
3

10
4

Normalized Income

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

C
u
m

u
la

ti
v

e 
P

ro
b
ab

il
it

y

top taxpayer list

tabulated data
b=0.049, Gini=0.331

b=0.059, Gini=0.307

b=0.069, Gini=0.292

wi(t + 1) = uwi(t) + sεiw(t)
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 = 0.621 )
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Simulation Result (U.S)

ai(t + 1) = γi(t)ai(t) + wi(t) − ci(t)

ci(t) = w(t) + b

{
ai(t) + wi(t) − w(t)

}

ln γ = N(y, x2)

w(t) = vw(t − 1)

wi(t + 1) = uwi(t) + sεiw(t)

u = 1.0308, s = 0.37, v = 1.0525

b = 0.018, y = −0.029, x = 0.3122

1971 US data



Questions
• Can we know the low income distribution?
• Can we obtain a model explaining the income growth 

distribution?
• Can we know characteristics of money flow networks?
• Can we understand economics as complex networks?

Company

Bank
Stock Market

Bank

Company

Company
Company

Flow: income
Stock: wealth


